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A system of interacting relativistic bosons at finite temperatures and isospin densities is studied within
the framework of the Skyrmelike meanfield model. The mean field contains both attractive and repulsive
terms. The consideration is taken within the framework of the Canonical Ensemble and the isospindensity
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1. Introduction
It is commonly accepted that QCD exhibits a rich phase structure at finite temperatures and
baryon densities, for instance, the transition process from hadron gas to quarkgluon plasma, the
transition from chiral symmetry breaking to the symmetry restoration [1]. Recently, the study
on the QCD phase structure is extended to finite isospin density [2–7]. The physical motivation
to study QCD at finite isospin density and the corresponding pion system is related to the inves
tigation of compact stars, isospin asymmetric nuclear matter and heavy ion collisions. In early
studies on dense nuclear matter and compact stars, it has been suggested that charged pions and
even kaons are condensed at sufficiently high densities. Interesting new results concerning dense
pion systems have been obtained recently using lattice methods [8–10]. Hence, the knowledge
of the phase structure of the meson systems, in the regime of finite temperatures and isospin
densities is crucial for understanding of a wide range of phenomena from nucleusnucleus col
lisions to boson, neutron stars and cosmology. This field is an essential part of investigations of
hot and dense hadronic matter which is a subject of active research. Meanwhile, investigations
of the meson systems has its own specifics due to a possibility of the BoseEinstein condensation
(BEC) of interacting bosonic particles.
In the present paper we consider an interacting particleantiparticle boson system at the
conserved isospin (charge) density nI and finite temperature T . We name the bosonic particles
as “pions” just conventionally. The preference is made because the charged πmesons are the
lightest hadrons that couple to the isospin chemical potential. On the other hand, the pions are
the lightest nuclear boson particles and thus, an account for “temperature creation” of particle
antiparticle pairs is a relevant problem on the basis of quantum statistics. To account for the
interaction between the bosons we introduce a phenomenological Skyrmelike mean field U (n),
which depends only on the total meson density n. We regard such a selfinteracting manyparticle
system, as a toymodel that can help us understand the BEC and phase transitions over a wide
range of temperatures and densities. The mean field U (n) rather reflects the presence of other
strongly interacting particles in the system, for instance ρmesons and nucleonantinucleon pairs
at low temperatures or gluons and quarkantiquark pairs at high temperatures, T > Tqgp ≈
160 MeV.
The presented study is a part of a sequel which is started from investigation of an interacting
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particleantiparticle boson system at µ = 0 [11–14]. Next, a development of the subject was
given in refs. [15, 16], where the same boson system was considered within the framework of
the Canonical Ensemble with the canonical variables T, nI , i.e. the temperature and isospin
density. In this formulation we calculated the temperature characteristics of a nonideal hot
“pion” gas with a fixed isospin density nI = n(−) − n(+) > 0, where n(∓) are the particle
number densities of the π − and π + mesons, respectively. In the present study we proceed to
exploit the Canonical Ensemble, but now we are focusing on the isospindensity dependencies
of thermodynamic quantities when the temperature is fixed.

2. The meanfield model for the system of boson particles and antiparticles
We consider a particleantiparticle system of bosons with the isospin number nI = n(−) −
where n(−) is the particlenumber density of bosonic particles and n(+) is the particle
number density of bosonic antiparticles. The chemical potentials of boson particles µp and
boson antiparticles µ�p have opposite signs:
n(+) ,

µp = −µ�p ≡ µ .

(1)

Therefore, the Euler relation includes isospin number density only:
ε + p = T s + µ nI .

(2)

Here ε, p and s are the energy density, pressure and entropy density, respectively. The total
particlenumber density is n = n(−) + n(+) .
Thermodynamic mean field model (see details in [17]) introduces two quantities which
depend on the total particlenumber density n: mean field U (n) and excess pressure P (n).
Using these quantities the total pressure in the twocomponent particleantiparticle system can
be written as 1
"
!#
p
Z
d3 k
m2 + k2 + U (n) − µ
p = − gT
ln 1 − exp −
−
(2π)3
T
"
!#
√
Z
d3 k
m2 + k2 + U (n) + µ
ln 1 − exp −
+ P (n) ,
(3)
− gT
(2π)3
T
where g is the degenerate factor.
The thermodynamic consistency of the meanfield model can be obtained by putting in
correspondence of two expressions which must coincide in the result. These expressions, which
determine the isospin density, read
 
Z


∂p
d3 k 
nI =
, and nI = g
f
E(k,
n),
µ
−
f
E(k,
n),
−µ
, (4)
∂µ T
(2π)3
√
where pressure is given by eq.(3). Here E(k, n) = ωk + U (n) with ωk = m2 + k2 and the
BoseEinstein distribution function reads



−1

E−µ
f E, µ = exp
−1
.
(5)
T
1
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Here and below we adopt the system of units h̄ = c = 1, kB = 1
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In order the expressions (4) to coincide in the result the following relation between the mean
field and the excess pressure arises
n

∂U (n)
∂P (n)
=
.
∂n
∂n

(6)

It provides the thermodynamic consistency of the model.

2.1. Skyrmelike parametrization of the mean field
The thermodynamic meanfield model has been applied for several physically interesting
systems including the hadronresonance gas [17] and the pionic gas [20]. In the present study
this formalism is used to describe twocomponent (particleantiparticle) system of pions. We
assume that the interaction between particles is described by the Skyrmelike mean field which
depends only on the total particlenumber density n. Loosely speaking we take into account just
a strong interaction. So, in the framework of the proposed toymodel we adopt that the mean
field has the following form
U (n) = − A n + B n2 ,
(7)
where A and B are the model parameters, which should be specified. As was mentioned in
the introduction, an investigation of the properties of a dense and hot pion gas is well inspired
by formation of the medium with low baryon numbers at midrapidity what was proved in the
experiments at RHIC and LHC [21, 22].
By this reason, in our calculations we consider a general case of A ≥ 0, B ≥ 0, to study
a bosonic system with both attractive and repulsive contributions to the mean field (7). For
the repulsive coefficient B we use a fixed value, obtained from an estimate based on the virial
expansion [23], B = 10mv02 with v0 equal to four times the proper volume of a particle, i.e.
v0 = 16πr03 /3. In our numerical calculations we take v0 = 0.45 fm3 that corresponds to a
“particle radius” r0 ≈ 0.3 fm. The numerical calculations will be done for bosons with mass
m = 139 MeV, which we call “pions”. In this case the repulsive coefficient is B/m = 2.025 fm6
and it is kept constant through all present calculations. At the same time the coefficient A, which
determines the intensity of attraction of the mean field (7), will be varied. It is advisable to
parameterize the coefficient A in the following way: let us use solutions of equation U (n)+m =
0, a similar algorithm was adopted in refs. [11, 13]. For the given mean field (7) there are two
roots of this equation
r 
r 


p
p
m
m
2
n1 =
κ− κ −1 ,
n2 =
κ + κ2 − 1 ,
(8)
B
B
where
κ ≡

A
√
.
2 mB

(9)

√
Then, one can parametrize the attraction coefficient as A = κAc with Ac = 2 mB. As we will
show below, the dimensionless parameter κ is the scale parameter of the model, it determines
the phase structure of the system. We consider two intervals of the parameter κ. First interval
corresponds to κ ≤ 1, as it is seen from eq. (8) there are no real roots. We associate these values
of κ with a “weak” attractive interaction and in the present study we consider variations in the
attraction coefficient A for values of κ only from this interval. Second interval corresponds to
κ > 1, there are two real roots. We associate this interval with a “strong” attractive interac
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tion. This case will be considered elsewhere.√The critical value Ac is obtained when both roots
coincide, i.e. when κ = 1, then A = Ac = 2 mB.
We are going now to consider the basic thermodynamic states of the bosonic system using
the mean field (7).

3. Isospin dependence of thermodynamic properties of the boson system
In the meanfield approach the behavior of the particleantiparticle bosonic system in ther
mal (kinetic) phase is determined by the set of two transcendental equations (see eq. (4))
Z


d3 k 
n = n(−) + n(+) =
fBE E(k, n), µ + fBE E(k, n), −µ ,
(10)
3
(2π)
Z


d3 k 
(−)
(+)
fBE E(k, n), µ − fBE E(k, n), −µ ,
(11)
nI = n − n
=
3
(2π)

where g = 1, the BoseEinstein distribution function fBE E, µ is defined in (5) and E(k, n) =
ωk + U (n). Equations (10)(11) should be solved selfconsistently with respect to n and µ for
a given temperature T and isospin density nI . In the present we consider boson system in the
Canonical Ensemble, where the independent canonical variables are T and nI , and the spin of
particles equals to zero. In this approach the chemical potential µ is a thermodynamic quantity
which depends on the canonical variables, i.e. µ(T, nI ).
As was shown in Refs. [15, 16] for the “weak” interaction, κ ≤ 1, in the temperature
interval T ≤ Tc the particles, i.e. π − mesons, are in the condensate phase and antiparticles, i.e.
π + mesons, are in the thermal (kinetic) phase. It was obtained that the lowdensity component
in the twocomponent particleantiparticle system, in the present case it is π + mesons, does not
develop the condensate phase at all, i.e. the antiparticles are in thermal phase for 0 ≤ T < ∞.
That is why, eqs. (10), (11) which describe both components being in thermal phase should be
(−)
generalized to include condensate contribution ncond to highdensity component of the pion gas
in the interval T ≤ Tc . We should also take into account that the particles, i.e. π − , can develop
the condensate states just under the necessary condition
U (n) − µ = −m .

(12)

During decreasing of temperature from high values, where both π − and π + mesons were in ther
mal phase, the density of π − component n(−) (T, nI ) achieves the critical curve at temperature
Tc , where condition (12) is valid. Under condition (12) the particlenumber density n(−) , see
eq. (10), transforms to n(−) = nlim (T ), where nlim (T ) is defined as
Z

d3 k
nlim (T ) =
fBE ωk , µ
.
(13)
3
(2π)
µ=m
This is the critical curve for π − mesons or for highdensity component. As we see, when µ = m
the function (13) represents the maximal density of thermal (kinetic) particles of the ideal boson
gas at temperature T and it plays the role of the critical curve. Hence, we obtain that in the
meanfield approach for boson system with the conserved isospin (charge) density the critical
curve coincides with the critical curve for the singlecomponent ideal gas.
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With account for eqs. (12) and (13) we write the generalization of the set of eqs. (10), (11)
Z

d3 k
(−)
n = ncond (T ) + nlim (T ) +
fBE E(k, n), −µ
,
(14)
3
(2π)
µ=U (n)+m
Z

d3 k
(−)
fBE E(k, n), −µ
.
(15)
nI = ncond (T ) + nlim (T ) −
3
(2π)
µ=U (n)+m
In the presence of condensate, i.e. in the interval T ≤ Tc , the pressure is calculated as
Z
i


1
d3 k k2 h
p =
f
ω
,
m
+
f
E(k,
n),
−µ
+ P (n) ,
k
BE
µ=U (n)+m
3
(2π)3 ωk BE

(16)

where the particlenumber density n includes the condensate contribution.
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Fig. 1. Left panel: The particlenumber densities n(+) , n(−) and ntot = n(+) + n(−) versus isospin density
nI at T = 80 MeV, κ = 0.1 for the interacting π + π − pion gas in the meanfield model. The black dashed
straight line is a linear dependence n = nI . Right panel: The mean field U (n) versus isospin density nI at
κ = 0.1 and T = 40, 80, 100 MeV in the interacting π + π − pion gas.

3.1. Numerical results
We are going to analyze the phase structure of the particleantiparticle system with respect
to the canonical variable nI . On this way it is instructive to obtain firstly the dependencies
of n(−) , n(+) and U with respect to nI when we fix T . Every isotherm crosses two different
phases, thus for every particular phase we have to solve the relevant set of equations: 1) when
both components of the pion gas are in thermal (kinetic) states one solves eqs. (10), (11); 2) when
π − component of the pion gas has a condensate contribution one solves eqs. (14), (15). For the
chosen isotherm T the point nI = nIc divides nI axis into two pieces. When nI ≤ nIc π −  and
π + mesons are in thermal phase. While for nI > nIc π − mesons have condensate contribution
and π + mesons are in thermal phase. Along this way the particlenumber densities n(+) , n(−)
and ntot = n(+) + n(−) were calculated as functions of isospin density nI at T = 80 MeV,
κ = 0.1. Results are depicted in Fig. 1 on left panel. One can see that for nI ≳ 0.03 fm−3
the density of π − mesons virtually coincide with the total particlenumber density n (in figure
notations we use ntot ). It is seen also that the density of π + mesons decreases with increase of
nI . In fact, this behavior is quite understood: when nI > nIc an increase of the total density n
is going on just due to an increase of the condensate contribution of n(−) , thermal contribution
(−)
of π − mesons, nth , has a maximum value for the fixed temperature T when nI > nIc . At the
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same time the density n(+) slightly decreases.
The dependence of the mean field on nI for three values of temperature
is shown in Fig. 1

on the right panel. It is seen that after the minimum of U n(T, nI ) with increasing nI , the
difference in the curves associated with temperature is very weak. In the point nI = nI0 , where
U (nI0 ) = 0, the mean field changes its sign and becomes completely repulsive, at κ = 0.1 we
obtained nI0 ≈ 0.14 fm−3 .
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Fig. 2. Phase diagrams. The isotherm T = 160 MeV is the limit of the QGP phase. The red dashed curve plim
separates thermal phase from the BEC phase. Upper row. Pressure versus inverse isospin density v = 1/nI
(left panel) and versus isospin density nI (right panel) in the interacting π − π + gas with repulsion between
particles, κ = 0. Lower row. Panel (a):Isotherms in the interacting π + π − pion gas at κ = 0.1. Below the
critical isotherm Tc = 101.7 MeV the liquidgas phase transition takes place. Panel (b): The same as in
panel (a) but for greater scale.

With the aim to analyze the phase structure of the particleantiparticle system we look
for a dependence of pressure p(T, nI ) on nI when the temperature is fixed. It means that we
investigate the behavior of pressure on the isotherm T with respect to the canonical variable
nI . At the first step the system with only repulsion between particles, i.e. κ = 0, was tested.
The phase structure of the system in this case is depicted on two upper panels in Fig. 2 for the
dependencies p = p(vI ) and p = p(nI ), where vI = 1/nI . In every panel we see three different
phases: 1) “Thermal phase”  particles and antiparticles are both in thermal states; 2) “BEC” 
the subsystem of particles have the BoseEinstein condensate contribution and the subsystem
of antiparticles, π + mesons, is in thermal phase; 3) “QGP”  the phase where the quarkgluon
plasma occurs, this phase is separated by the isotherm T = Tqgp = 160 MeV (we assume a
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melting of all pion states at temperatures T > Tqgp ). The line plim is the pressure of π − mesons
on the critical curve nlim . As it is evidently seen the behavior of isotherms is slightly changes
after crossing the the curve plim .
After “switching on” the attraction between particles the isotherms from the interval T <
Tc exhibit a “sinelike” behavior in finite interval ∆nI . In accordance with the standard ther
modynamic approach this specific behavior of the isotherms can be treated as a liquidgas phase
transition. In accordance with that we apply the Maxwell rules and obtain the binodal, which de
termines the region of the liquidgas phase transition in a similar way as was done in refs. [18,19].
The resulting phase diagram is shown in Fig. 2 like the two lower panels, which differ from each
other only in scale. The mixed liquidgas phase (shaded gray area) appears to be almost entirely
in the condensate phase (labeled GAS+LIQ+BEC on the right panel). As it follows from the
Maxwell rules the pressure associated with the isotherms which cross the mixed liquidgas phase
has a constant value. We would like to draw attention once more that the density of condensate
(−)
in the twocomponent pion system is created by π − mesons only, i.e. ncond = ncond . That is
why, the particlenumber density ncond plays the role of the order parameter.

3.2. Bulk modulus
The bulk modulus K of a substance characterizes how the pressure varies during compres
sion at a constanttemperature. It is defined as the ratio of the infinitesimal pressure increase to
the relative decrease of the volume of the system and in the Canonical Ensemble it reads


∂p(T, NI , V )
.
(17)
K ≡ −V
∂V
T
Meanwhile, because the volume is inversely proportional to the total particlenumber den
sity n one can rewrite expression (17) in terms of the particlenumber density as


∂p(T, nI )


∂nI
∂p(T, nI )
T ,
K = n
(18)
= n(T, nI ) 
∂n(T,
n
)
∂n
I
T
∂nI
T


or
K = nI

∂p(T, nI )
∂nI


.

(19)

T

If the total particlenumber density depends on spatial variables, then the bulk modulus depends
also on spatial variables and thus reflects the spatial properties of the manyparticle system.
Results of calculation of the bulk modulus in accordance with eq. (18) at κ = 0 for different
temperatures is depicted in Fig. 3 on the upper panels. As can be seen when κ = 0 the bulk
modulus experience a break in a point of the BEC transition. When we “switch on” attraction in
the system the bulk modulus becomes zero in the region, where the liquidgas phase transition
takes place, i.e. for the isotherms T < Tc . This effect is depicted on the lower panels in Fig. 3.

4. Concluding remarks
This article presents a thermodynamically consistent method for describing a dense bosonic
system of interacting π − mesons and π + mesons. We considered the system of meson particles
with m = mπ and zero spin, because the charged πmesons are the lightest nuclear particle and
the lightest hadrons that couple to the isospin number. Description of thermodynamic proper
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Fig. 3. Upper panels: Bulk modulus versus the total particle density ntot = n (left panel) and versus the
isospin density (right panel) in the pion gas with repulsion between all particles, κ = 0. Lower panels: Bulk
modulus versus total particlenumber density (left panel) at T = 80, 100 MeV, κ = 0.1 (see eq. (18)). Bulk
modulus versus isospin density (right panel) at T = 100 MeV, κ = 0.1 (see eq. (19)). The Liquid+Gas+BEC
phase is in between the red dashed vertical lines where pressure is constant and thus K = 0.

ties of the system was performed employing the Canonical Ensemble formulation, where the
chemical potential µ is a thermodynamic quantity which depends on the canonical variables
(T, nI ). To obtain phase diagrams we calculated dependence of pressure on the isospin density
for different values of T .
It was shown that n(−) (nI ) and ntot (nI ) dependencies with respect to nI are almost linear
and close to one another for nI > nIc since for every fixed T the value of thermalparticle
(−)
density nth does not change [16] and the value of n(+) is approximately constant (see Fig. 1).
Because only π − mesons undergo the phase transition to the BoseEinstein condensate, the in
crease of the densities n(−) and ntot for nI > nIc is due to increase of the density of condensate.
√
Phase diagrams were introduced on Fig. 2. The scale parameter of the model κ = A/(2 mB),
which is itself a combination of the meanfield parameters A and B (U (n) = −An + Bn2 ) and
the particle mass, determines the different possible phase scenarios which occur√
in the particle
antiparticle boson system. When attraction coefficient A = κAc , where Ac ≡ 2 mB, is equal
to zero (i.e. κ = 0), the system can be only in the thermal phase or in the condensate phase. In
the case of κ > 0, liquidgas phase transition occurs in the system, and a transition from the ther
mal phase to the condensate one is possible both with liquidgas phase transition if T < Tc , and
without it when T ≥ Tc . In other words there is a region in the phase diagram where the BEC
and the mixed liquidgas phase exist simultaneously (grey area on the lower panels in Fig. 2). A
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similar situation is described in [19], where the BoseEinstein condensation and the liquidgas
phase transition in αmatter were investigated. Area above isotherm T = Tqgp = 160 MeV
(QGP) is the phase where the quarkgluon plasma occurs. We assume this to be a limitation of
our model since a melting of all pion states at temperatures higher than Tqgp .
In the section 3.2, we introduced the calculation of the bulk modulus of the system of
interaction pions. As can be seen on the upper panels in Fig. 3 when κ = 0 the bulk modulus
experience a break in a point of the BEC transition. As soon as we “turn on” attraction (κ > 0,
lower panels) and the liquidgas transition occurs, the bulk modulus turns to zero in this region.
The reason for that is that the pressure is constant due to the Maxwell rules. In first case (κ = 0),
the special behavior of the bulk modulus can be used to determine the BEC transition in the
system with repulsion between particles. In second case (κ > 0), the drop of the bulk modulus
to zero gives a signal about the presence of a liquidgas phase transition in the bosonic system.
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