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A complex of issues related to using the Peletminsky—Yatsenko model for the study of non-
equilibrium processes is investigated. The problems are associated with the inability of performing the
calculation of necessary averages when system states are described by a new, wider set of reduced
description parameters, in particular, fluctuations. A matter system interacting with a non-equilibrium
system of bosons is considered. The substance is described by two reduced description parameters n,, n,

and calculations with the quasi-equilibrium statistical operator corresponding to these parameters are
technically impossible; at the same time, the calculations can be performed with such operator in the case of
the only parametern, . Overcoming this problem by considering only small values 3n, of the other

reduced description parameter is proposed. An exact definition of &n, is given, and the theory of
perturbations by powers 3n, is developed for the calculation of the initial quasi-equilibrium statistical

operator with accuracy up to second-order contributions. Since all further averages are calculated only
with the named operator including only m, , the simplified calculation procedure is carried out for it.

On this basis, the theory of non-equilibrium processes in the system of two-level emitters interacting
with the boson field is developed. The emitter system is described by excitation degree n, and the value of

emitter correlations m,. The system is considered as a system of spins. The mathematically identical Dicke

model describing superradiance and Wagner model introduced for the analogous acoustic phenomenon
description are studied. The quasi-equilibrium statistical operator calculation is constructed.

Keywords: reduced description method, small parameter, Peltminskii—Yatsenko model, non-equilibrium
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1. Introduction

The Bogolyubov method of the reduced description (RD) of non-equilibrium processes
is a powerful tool for studying the dynamics of macroscopic systems [1] (see also [2]). In this
work, it is planned to develop it to a certain extent, and therefore it is appropriate to pay
attention to its basic ideas.

The Bogolyubov RD method is based on his functional hypothesis [1, 2], according to

which the statistical operator of a non-equilibrium system p(t) at large times t >> 1, depends
on time and the initial state of the system p(t=0)=p, only through a limited number of
parameters n,(t,p,), which are called reduced description parameters (RDPS)

pt)——r((t.po)) (Spp() =1, Spp(Mi,=n.) (1)
and defined by the formula
SpPUNa ——Ma(t: o) - (2)

(N, are RDP operators). The arrows in formulas (1), (2) indicate that their right parts are the

asymptotics of the left ones [2].
The basic statement of the RD method is that the statistical operator p(n(t,p,)) exactly

satisfies the Liouville equation [2]
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with the Hamilton operator H , and the parameters Na(t,py) exactly satisfy the time equation

2]
2 (t,po) = L (n(t,po)) L, () E%Spp(n)[ﬁ Aal @)

For convenience, the solutions of equations (3), (4) are extended down to t=0 [2], but they
describe the evolution of the system only for t >>t,. At the same time, the values of the
functions m,(t,p,) at t=0 are called the effective initial conditions.

With account for the function L,(n) expression, the statistical operator p(n) satisfies a
nonlinear differential equation

I ! ©

which can be solved only approximately in some perturbation theory. Particularly important
is the case of the Hamiltonian H = H,+H, with main H, and small H, parts (formally

A A

H ~°%, H,~A" where A is a small parameter).

Further specification of consideration of non-equilibrium states of the system requires
selecting the RDPs and their operators 1,. At the same time, the previous developments of

the non-equilibrium process theory are taken into account too. The modern trend is to expand
the set of RDPs, in particular by taking into account non-equilibrium correlations
(fluctuations) of the studied RDPs.

An important approach to the selection of RDPs was proposed by Peletminskii and

Yatsenko based on the study of the main Hamiltonian HO symmetries. This led them (see the

original paper [3] as well as [2]) to the model (Peletminsky—Yatsenko (PelYats) model) in
which the operators of RDPs satisfy the condition

[Ho Aa]= Zb CapTly (6)

where ¢,, is a numerical matrix. Based on this model, the authors established the functional
hypothesis in the main approximation of the perturbation theory [2]

e La, Tet . 7
e ‘pet " ————>p,(Z(e" Spp,i)) . (7)

t>>1,

This includes the statistical operator
p(Y) =exp{Q(Y) =D Y.}, Sppy(Y)=1, ®)

which is called quasi-equilibrium (QESQO) because it is close to the equilibrium statistical
operator in certain cases. The functions Z,(n)in (7) are determined by the conditions

Sppa(Z(M)A, =N, - ©)
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Bogolyubov showed that equation (5) for the statistical operator p(n) is invariant with
respect to time reversal and should be supplemented with a boundary condition that selects
the physical direction of time [1]. As such a condition, the PelYats model authors chose the
functional hypothesis (7) in the main approximation of the perturbation theory for the
statistical operator with p, = p(n) , which with account for (1) takes the form

—itHO itl-]o Tot
e " Cpme” " ——py(Z(e" M) (10)
and is recorded in terms of evolution in the physical direction of time. This relation made it
possible to obtain a nonlinear integral equation from the nonlinear differential equation (5).

PR IO P I
p() =Py (2 () + [ deer™ e e (1)
where denoted h
0= (o0 A ]2, 0,00, M D=1SpeIF AT G2

In these terms, the right-hand side of the time equation (4) for RDPs with account (4), (6)
takes the form

La(n)zégcamwwla(n) (13)

Equation (11) can be solved by an iterative procedure in perturbation theory in Hl,

since its integrand has the first order with respect to Hl. For the statistical operator p(n)we
have

p(n) = ip(”) M, P?(M)=p,(Z(M)),

S | 17 OPa(Z() e @4
p(n) = [dw "~ p ZM)H, |- Y W0 e
—0 h a ana nﬂeic{n
The right-hand side L, (n) of the time equation for RDP is given by the formulas
) . | A
L =210, L) =Sppo(Z(m)| Huf, |,
n=1 (15)

i a
L () =—Spp® ([ Hy4, |-

The creation of the PelYats model was a significant step in the development of the
theory of non-equilibrium processes, which made it possible to investigate a number of new
problems (see, in particular, [2]).

The structure of this work is as follows. The Introduction discusses the basic concepts
of the RD method and the PelYats model in the form necessary for its development in the
recent work. In Section 2, a new concept of small RDPs is introduced and, within the
framework of the PelYats model, an approach is developed for working with them using the
example of matter interacting with a boson field. The task is to overcome the problem of the
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PelYats model associated with the inability to perform calculations with QESOs. In Section
3, based on the results of Section 2, the kinetics of a system of two-level emitters interacting
with a non-equilibrium system of bosons is developed.

The preliminary results of the work were reported at the MEICS-23 [4] and CM&LTP-
23 [5] conferences.

2. Non-equilibrium states with small parameters of the reduced description

The main problem when using the PelYats model to solve concrete problems is the
calculation of averages with the QESO p,(Y) defined in (8) and the related functions Q(Y),
Z,(n) introduced in (8) and (9). For a number of systems, approaches to the calculation of

such averages of the type of Wick's rules have been developed. This applies to the situation
when the operators in the exponent are quadratic forms in terms of particle creation and
annihilation operators (see, for example, [2]) or linear forms in terms of spin operators [6, 7].

In the PelYats model, we consider a system, in which matter interacts with a system of

bosons and whose state is described by the average values of three operators 1,:
N =N, Ny, Ny, N, =a;a, Where a;,a, are creation and annihilation operators of bosons

in the state with the number k, 1), and 7, are operators of physical quantities of matter. For
the sake of simplicity, we will assume that all operators commute between themselves and
with the main contribution to the Hamiltonian of the system I-A|0

[, M]1=0,  [HyM,]=0. (16)

Accordingly to (14) — (16), the statistical operator p(n) and the right-hand side M, (n)
of the equations for RDPs take the form

() =p, + [ 4oy, AL(]+ 00,

i i 17)
1 ° ~ A A A LTHO A —LT 0
Ma(m) === [ deSpp,[H,().[Hy, A JI+0(), Hym)=e “He ’
Its QESO p,, taking into account all degrees of freedom, has the form
Qg2 Zh m —Z1f—Z5M,
Pgq =PgePgv Pg =€ . knk' Pam = g Az (18)

where p,, pyy are the contributions of degrees of freedom of bosons and matter.
The functions Q;(Z,), Q(Z.Z,), Z,(n), Z,(n,n,), Z,(my,m,) in these
expressions are defined by formulas
Sppe =1, Sppeu =1;
(19)
Spquﬁk =N, Spquﬁl =M1, SquMﬁz =M.
Averages with the statistical operator p,g are calculated using Wick's rules with elementary

pairings
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+ _ + _ — + + __ .
Ay Agr = MpOpper s AxQpy = (1 + M )bk, gy, =0 agag, =0;

n, = (ezk —1)_1. (20)
The functions specified after (18) are given by the formulas
Z, =In@+nt), Q=) In(l-e*) (21)

(see, for example [2]).
New possibilities of using the PelYats method appear if averages with the statistical
operator

pa=e” A Sppd =1, Spplh, =n, (22)
can be calculated and the last two formulas give concrete expressions for the functions
QZ)),  Z'(m). (23)
This is the case if Wick's type rules are valid for calculations with pg. For such situation, we

have developed a theory, in which we proposed to limit ourselves to considering a small
value (deviation) dm, of the parameter m, from its average value (along with an arbitrary

parameter m,) for the system with the statistical operator pg. The exact definition of
deviations is given by the formula

M, =M, —Sppgﬁz =3p(Pgum _Pg)ﬁz (on, ~p, p<<1) (24)
(w is a formal small parameter). Taking into account (16) and (17), the QESO takes the form
Pav =Pg+Ap, Ap = pq(efAm B 1) (25)
where is noted for simplicity

F=0-0°, A=Z7-7), B=Z,. (26)

Formulas (25) — (26) show that the quantities (26) are small and can be searched in the form
of a power series in p

F=F+F+001%, A=A+A+0@1%, B=B+B,+0(u® (27)

(the index of a value shows its order in powers of u). To calculate these values, we will use
the equations

Sp(Pgm —pg)ﬁl =0, Sp(Pgm _pg)ﬁz =8N, SP(Pgm _Pg) =0, (28)

which follow from formulas (16) — (19). We look for the solution of these equations with
respectto F, A, and B in perturbation theory based on the expansion

11



S.F. Lyagushyn, A I. Sokolovsky

eF A8 1= (F — A, —B1y) +%(F - An, - Bﬁz)2 +O(H3) = (29)

=(F - A", -Bn,) +(F, - An, - B,n, _é) +O(M3)
where denoted
A 1 R R R R A
C=- 5 (Fl2 + Afnf + Bl2 n‘§ —2F AW, —2F BN, + 24 BNN,) . (30)
Formulas (19), (23), and (24) define the QESO
Pgm = Pg 1+ (R —-An —Bn,)+(F,—An —Bm, _é) +O(M3)] (31)

with accuracy up to contributions of the second order in powers of &n,. Substitution of
expression (31) into equation (28) in the first order in p power gives a system of equations
for quantities F, A, and B,

Sppg (R —An —Bn,)n, =0,
Sp Pg (R —An — By, =681, (32)
Sppg(Fl - AT, —Bm,) =0,
and in the second order, it leads to a system of equations for quantities F,, A,, and B,
Sp Pg (F, —Am, —B,n,)n, =Sp Pgéﬁl :
Sp pg (F, —An, —B,np)h, =Sp Pgéﬁz , (33)
Sppg(Fz - AT, —B1y) =Sppgé :
It is appropriate to introduce more compact notations
SPP =%,  SPPg, =Y,
Sp Pgﬁlﬁl =Xq, Sp Pgﬁ1ﬁ2 =Xp, SP Pgﬁzﬁz =Xp - ¢4

Then the system of equations (27) for F,, A, and B, takes the form

Fx —AX, —Bx, =0,
FiX, — AX, —BiXp, =61, (35)
F-Ax —-Bx,=0.

Excluding the variable F,, we find a system of equations for quantities A and B,

Ay +BY =0, AY,+BY,=-n, (yip=M.M) (36)

where correlation functions of quantities a, b with operators 4, b are introduced
A.By = L 5p 2, B3—Sp p°aSp b 37
<a’ >:§ ppq{a1 }_ ppqa ppq . ( )

As a result, we get the expressions for the coefficients
12
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Y12 Y Xo Y11 — X1 Y10
A=—=""—08,, B=—7F—"—08, K="F"—"=0n,, (38)
Yi1Ya — y122 ? y122 ~YuYa ? ' y122 ~YuYa ?

which determine, in accordance with (31), the first-order contribution to the QESO p, .

Similarly, it is possible to find the contribution of the second order in én, by calculating the
coefficients F,, A,, and B, from equations (33) rewritten in the form

FX — AgXyy —ByX, =Sp Pgéﬁl ,
FoX, — AgXgp, —ByXp, =Sp Pgéﬁz , (39)
F,—AX —B)X, =Sppgé .

Excluding the variable F,, we find a system of equations for quantities A, and B,

A1+ By = _<évﬁ1> v Ay By, = —(C,ﬁ2> , (40)

which is analogous to the system of equations (36). Now, it is easy to write the final
expressions for the coefficients F,, A,, and B, .

Note that we have developed a scheme for calculating the QESO p,, of the system given
in (18) and (31) as a function of the RDPs n,, n,, dn,. The final expressions contain
averages with the statistical operator pg, which, according to our assumption, can be
calculated. Substitution (18), (31) in formulas (17) will give the statistical operator of the
system and the right-hand side of the equations for RDP as a function of n,, 1, on,, i.e.
p(n.,n;,0m,), L,(n,m,0m,). We calculated these functions with accuracy up to the
contributions of the second order in terms of on, powers. Time equations for RDPs,
according to (4) and taking into account the definition (24), have the form

o = L(ne,my,m,) . omy = Li(ne,my,8m,)
0,8, = L (N, 1y, 8M,) — Ly (N, 1y, 8M,) 0/, Sp Pg ()", -

The developed theory allows numerous applications. Like Bogolyubov's RD method of
non-equilibrium processes in general, the discussed PelYats model is based on a careful
selection of RDPs and the possibility of using the corresponding perturbation theory.
Considerations such as the physical meaning of the approximate correlation gap and
approaches to the temporal and spatial localization of the obtained equations (artificial
consideration of the weak dependence on the coordinates and time of the objects of the
theory) are not taken into account. The developed theory describes the dynamics of matter
that interacts with a non-equilibrium system of bosons. The most expected examples are the
non-equilibrium electromagnetic field and the phonon field in a solid body, which weakly
interact with non-equilibrium matter, which is described by two RDPs n,, n, with simple

dynamics in terms of the parameter n, and complex dynamics in terms of n,. At the same

time, the complexity of the dynamics is determined by the possibility of studying the quasi-
equilibrium state. The developed theory with small values of the parameter n, allows its

interpretation, in which the parameter n, describes small correlations in the system, etc.

(41)
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3. Dynamics of two-level systems in a bosonic field

An important example of a two-level system is the Dicke model, which was introduced
to describe the phenomenon of superradiance. It consists of identical two-level emitters
(matter) and a transverse electromagnetic field. The Dicke Hamiltonian of this system in

terms of spin operators §;, and photon Bose operators a,,a, has the form [8]

H = |'A|o + |:|1’ |:|0 Eh@ozi S +Zkhﬂ)ka;ak , |:|1 E_Zi En(xi)din (S +8), (42)

where x; is the radius vector of the i-th emitter, %o, is its excitation energy, d, is the dipole

in
moment vector of the corresponding transition, Iﬁn(x) is the electric field strength operator
X — 50

(standard designations of spin variables are used, in particular §" =§, + IS, ).
The state of the system is described by the average values of the operators 7, :

(92

TA]k:rA]kEaljak’ ﬁ1=§zzzi iz n2=§+§_ (SAiEZiéii)’ (43)

which are denoted by m,: n,=n,, n,=S,, n, and will be its RDPs. The value n,

describes the non-equilibrium state of the photon system ( n, is the number of photons in the

k-th state), the value s, describes the excitation degree of the emitter system, m, describes

the correlations in the emitter system. It is believed [9] that the description of the system in
the Dicke model by the specified RDPs adequately reflects the coherent spontaneous
radiation process.

All operators (43) commute with each other and with the main contribution to the

Hamiltonian H,:

[A.A,]1=0,  [Hp7,]1=0 (44)
since

[Sin: Sin 1= 1785065, [$,.51=15", [

1n=m

az,§f§(]=0, [§in’ﬁk]:01 [ﬁk’ﬁk']zo- (45)

The relations (44) show that Dicke model study is a special case of the theory from Section 2,
built on the Pel'Yats model basis.

Its quasi-equilibrium statistical operator, taking into account all degrees of freedom, has
the form

Qg—> ZA By -y
B zk kk’ EeQM 1M 2712’ (18)

pq = ququ ! qu =€ qMm

where pgg, pgu» are the contributions of degrees of freedom of bosons and matter. Accurate

calculation of the average values of spin operator functions with a statistical operator p, is

impossible because the operator 1), from (43) is a quadratic form from spin operators (see

[6]).

However, calculating averages with a quasi-equilibrium statistical operator

pl = B =g AL (46)
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is possible and this is sufficient to implement the theory from Section 2 for states that are
described by a parameter 1, and a small deviation dn, of the parameter n, from its average
value in the theory without this RDP (see the exact definition in (24)) in the Dicke model.
Since in this case m, describes the correlations in the emitter system, the theory developed in
Section 2 describes this system dynamics when the correlations between emitters are small.
Let us discuss the issue of calculating averages with the statistical operator pg . The state

space of the i-th spin is based on two vectors | c;)
S:lop=hoilo),  §lo)=(1"314)|c)  (o;=%1/2). (47)

The state space of the N-spin system is a direct product of single-spin states. The basis in the
space of the system of all spins has the form of a direct product:

I =loy)..loy), n={o,.0n}; D= D 48)

Gy...0y =£1/2

and therefore

Q-2 Y o
pelmy=w [ny, w,=e N w =1, (49)
that gives
N
w,=[Jw, . w,=(2chzn) e, (50)
i=1

The average value a of an arbitrary function of spin operators & is given by the formula
a=Sppya=  W(n|a|n) (51)

where the matrix element should be calculated using the Pauli matrices. Note that the
function of the i-th spin variables acts on the basis according to the rule

& |op)...|op)..loy) =lop...(& | o). [oy) - (52)

Thus, a procedure for calculating the averages with the statistical operator pg is obtained.

This makes it possible to investigate the dynamics of the Dicke model in the case of small
correlations between emitters. To do this, one should first calculate the averages of the RDPs
operators given in (34)

Sppgﬁl =X, Sp Pgﬁz =X,
Sppfyfy = Sppoiyf, = Sppof,M, = X 34
PPN = X115 OPPgMM2 = X2, PPgN2N2 = %oz -

The results of such calculations will be published elsewhere.

Another interesting example of a two-level system that interacts with a boson field is the
Wagner model [10] of a solid (see also [11]) with tunneling admixture. In this case, the role
of the boson field is played by the phonon system, the peculiarity of which behavior creates a
relaxation mechanism in the system modeled by identical two-level emitters following from
the Dicke model idea. The Hamiltonian of this system in terms of spin operators §;, and

phonon Bose operators a,,a, has the form
15
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H=H,+H, H, :Zkh@ka;ak _ZAZiSiz , Hl:Zik gi(a +a)(& +5), (52)

where the coefficient A determines the excitation energy of the system.

This model was introduced to describe the phenomenon of acoustic superradiance. It is
believed [11] that this phenomenon is adequately described by the average values of the
operators 7,

A

A Aot A s & A ata- At
N =N =4, m—Sz=ZiSiz, n,=ss ($

250, (53)

which will be its RDPs. The values n, describe the non-equilibrium state of the photon
system (N, is the number of photons in the K -th state), the value s, describes the degree of
excitation of the emitter system, the parameter m, takes into account correlations in the
emitter system. All operators 1), from (53) commute between themselves and with the main

contribution I—AI0 to the Hamiltonian. In this approach, the analysis of Wagner model does not
differ from the study of the Dicke model.

4. Conclusions

The paper is a continuation of the authors’ research of non-equilibrium processes in the
framework of the Bogolyubov RD method and its remarkable implementation in the PelYats
model (see [5]). The main subject of studies was superradiance phenomenon. This work
begins with a discussion of the basic ideas of the RD method and the Pel'Yats model in a form
convenient for its development in the work.

In Section 2, it is stated that the main problem of complications when using the PelYats
model is the impossibility of calculation performing with the QESO of the system. In this
regard, a new idea of a small RDP is put forward. Similar ideas have been discussed in the
literature for states close to equilibrium. In our theory, a small RDP is considered to be a
deviation of the RDP from its average value in states without this RDP.

On this basis, a system consisting of a boson field and matter that is described by two
RDPs is considered. It is supposed that calculations with QESO for n,, n, are impossible,

but they are possible with QESO for m,. In this regard, the description of the system by the
parameter 1, and the small deviation &n, of the parameter n, is constructed. A perturbation

theory is developed, in which the QESO for n,, n, is calculated in 6n, power series with

accuracy up to the second order contributions. It can be directly substituted into the formulas
of Section 1 for the statistical operator of the system p(n) and the right-hand sides L,(n) of
the time equations for the RDPs.

Section 3 investigates non-equilibrium two-level systems that interact with a non-
equilibrium boson field. Dicke model, which adequately describes the phenomenon of
superradiance, and Wagner model, which is able to describe the phenomenon of acoustic
superradiatiance, are considered. Mathematically, these models are identical. The parameter
n,, which describes the degree of excitation of the system, and the parameter m,, which
describes the correlations between emitters, are chosen as RDPs for both models. The study
of both models is a special case of the one carried out in Section 2. Calculations with QESO
for m,, n, are impossible; calculations with QESO for n, are not only possible but are

developed in detail in our paper. We mean the calculations of averages for spin operators.
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Details of the study of the specified models in terms of RDPs n,, én, will be published in a

separate paper.

The completed work opens wide perspectives for further research:

generalization of the method of this work to the case of the general PelYats operator
algebra of RDPs;

establishing the connection between the obtained results and the developments in the
method of boson variables elimination;

transforming the results related to Dicke model to concrete expressions for time
equations for the degree of excitation of the system and the level of correlations between
emitters.
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