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The eigenvalues of the Polyakov loop are calculated in the strong coupled lattice QCD at finite tempera
ture. This is done both in the pure gauge theory and in the theory with heavy quarks at finite baryon chemical
potential. Computations are performed in the meanfield like approach to the effective action. Using the
eigenvalues obtained we also evaluate the free energy, real and imaginary parts of the Polyakov loops and the
baryon density. The phase diagram of the model and influence of the baryon chemical potential are discussed
in details. We underline a similarity between our calculations and continuum derivations of the phenomenon
of A0 condensation.
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1. Introduction
The deep understanding of the phase diagram of Quantum Chromodynamics (QCD) re

mains one of the most important problems of high energy physics (see Ref. [1] for a recent
review of the problem). Among many unresolved issues, the problem of establishing a true
QCD phase diagram lies at the heart of most studies conducted during the last two decades in
this area of high energy physics. One of the approaches developed to attack this problem relies
on the computation of the socalledA0 condensate (in the continuum) and the eigenvalues of the
Polyakov loop (on the lattice). Both quantities are related through the definition of the Polyakov
loop matrix

U(x) = P exp
[
i

∫ β

0
A0(x, t)dt

]
, (continuum) , (1)

U(x) =

Nt∏
t=1

U0(x, t) , (lattice) , (2)

where P means a path ordering and U0(x, t) is a temporal gauge matrix. An explicit rela
tion in the static gauge will be given below. The calculation both of the condensate and the
Polyakov loop has a long history. The early calculations of the condensate [2–7] and the eigen
values [8–10] had been reviewed in [11]. The role of the invariant measure in the generation
of the condensate and the eigenvalues was investigated in detail in [12]. The expectation val
ues of the Polyakov loops and their correlations have been calculated beyond the leading order
in [13]. More recent development can be found in papers [14–16]. Finally, the generation ofA0

condensate in the presence of the baryon chemical potential has been investigated in [17, 18].
In this paper we intend to study the phase structure of SU(N) QCD for N = 2, 3 at

finite temperatures and baryon densities using the effective Polyakov loop model which can
be calculated in the strong coupled lattice QCD and in the region of large quark masses. We
do it by evaluating the maximum of the effective Polyakov loop action and extracting thus the
eigenvalues of the Polyakov loops in the points of maxima of the action. This, in turn, allows
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us to compute all local observables in the theory.
The paper is organized as follows. In the next Section we describe the SU(N) Polyakov

loop model we deal with for all N . In Sec.3 we solve the SU(2) model at finite density and
outline its phase diagram. Sec.4 is devoted to a detailed study of the physically relevant SU(3)
model. We compute here the free energy, expectation values of the real and imaginary parts
of the Polyakov loop and the baryon density. In Summary we discuss our results and compare
them with analytical calculations of A0 condensate in continuum.

2. SU(N) Polyakov loop model
We shall study amodel defined on a ddimensional hypercubic latticeΛ = Ld with periodic

boundary conditions (BC) in all directions. We will denote a lattice site as x⃗ ≡ (x1, ..., xd), xi ∈
[0, L− 1], and a link in direction n, n ∈ [1, d] as l = (x⃗, n). To each site corresponds a variable
U(x) ∈ G, belonging to a gauge group G (G = U(N), SU(N)). TrU is the fundamental
character of G. The partition function of the model is given by

ZΛ(β,m, µ;N,Nf ) ≡ Z =

∫ ∏
x

dU(x)
∏
x,n

Bg(β)
∏
x

Nf∏
f=1

Bq(mf , µf ) , (3)

where dU denotes the (reduced) Haar measure onG. This model is an effective model, defining
interactions of Polyakov loops in a static quark limit of a (d + 1)dimensional lattice gauge
theory with Nf flavours of quarks, each having a mass mf and a (real) chemical potential µf .
Bg(β) corresponds to the gauge part of the original Boltzmann weight and Bq(mf , µf ) is a
static quark determinant for a given flavour f with massmf and chemical potential µf .

While several choices of Bg(β) and Bq(mf , µf ) were discussed in the literature, in this
paper we use one of the simplest forms, obtained after explicit integration over all spatial link
variables on an anisotropic lattice (see, for instance Refs. [19–21] and references therein)

Bg(β) = exp
[
βeff ReTrU(x)TrU †(x+ en)

]
. (4)

The contribution of static fermions is represented in the form

Nf∏
f=1

Bq(mf , µf ) ≈ exp
[
h+
2
TrU(x) +

h−
2
TrU †(x)

]
. (5)

The parameters h+ and h− depend on quark masses mf , chemical potentials µf , lattice size in
the temporal direction Nt, and also on the choice of the lattice discretization of the fermions
(Wilson or staggered fermions). The exact form of this dependance is not important in our
current study. In what follows, we parametrize h± as h± = he±µ, where h = e−m, m is a
quark mass, finally writing the partition function in the form

Z =

∫ ∏
x

dU(x) exp

[
β
∑
x,n

ReTrU(x)TrU †(x+ en)

]

× exp

[
h

2

∑
x

(
eµTrU(x) + e−µTrU †(x)

)]
. (6)
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The gauge variables U(x) here correspond to the Polyakov loops of the original model, as the
only gaugeinvariant combinations of fields remaining after the integrations. The fact that the
Boltzmann weight remains invariant under local gauge transformations of variablesU(x) allows
us to chose a gauge in which all the matrices U(x) are diagonal (static diagonal gauge)

U(x) = diag
(
eiω1(x), · · · , eiωN (x)

)
. (7)

In this notation ωi(x) are defined by the linear combination
∑

c t
cAc

0(x) of the generators tc of
the group G. For example, in SU(3) (a – temporal lattice spacing)

ω1

aNt
= A3

0 +
1√
3
A8

0 ,
ω2

aNt
= −A3

0 +
1√
3
A8

0 ,
ω3

aNt
= − 2√

3
A8

0 . (8)

In the static diagonal gauge (7) one can write explicit expressions for the elements of the
partition function (6) in terms of ωi(x)

ReTrW (x)TrW †(x+ en) =
N∑

i,j=1

cos [ωi(x)− ωj(x+ en)] ,

eµTrU(x) + e−µTrU †(x) = 2

N∑
i=1

cos [ωi(x)− iµ] ,

∫
dU =

∫ 2π

0
D(ω)D⋆(ω) δ(ω)

N∏
k=1

dωk

2π
, D(ω) =

∏
k<l

(
eiωk − eiωl

)
, (9)

where the SU(N) constraint on the matrix eigenvalues is implemented by a periodic delta func
tion

δ(ω) =
∞∑

q=−∞
exp

[
iq

N∑
k=1

ωk

]
. (10)

This constraint reduces global symmetry transformations of the pure gauge model from contin
uous U(1) symmetry to a discrete Z(N) symmetry ωk(x) → ωk(x)+

2πn
N . The introduction of

the quark contribution explicitly violates the global Z(N) symmetry, and, for nonzero µ, makes
the Boltzmann weight complex, preventing the direct Monte Carlo simulation of the model.

The model defined in Eq.(6) was extensively studied. In [22] it was shown that in the U(3)
model the dependence on the chemical potential vanishes, thus making the Boltzman weight
for the whole configuration real. This result is easily generalized to arbitrary U(N) model.
In [23] a largeN limit of the U(N) model has been investigated. It was shown that the model
undergoes a thirdorder phase transition. An extension of this result to the largeN limit of the
SU(N) model was done in [24]. The SU(3) model was studied using the meanfield approach
in [22, 25]. The dual formulations free of sign problem were proposed in [26–28], and used
for MonteCarlo simulations of the model in [20, 29, 30]. These studies reveal (at least in some
parameter regions) the phase diagram of the model.

At large β and/or h± the model (6) can be approximately solved by first finding the saddle
points for group integrals and then by evaluating the integrals over fluctuations around the sad
dles. We are interested in constructing a constant, translationallyinvariant solution which pro
vides global maximum of the action. Using Eqs.(9)(10) it is strightforward to get the following
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system of saddlepoint equations for U(N)∑
j;j ̸=k

(
γ cot

1

2
(ωk − ωj)− 2dβ sin(ωk − ωj)

)
= h sin(ωk − iµ) . (11)

The constant γ has been introduced here in front of contribution from the invariant measure.
One should put γ = 1 after calculations. For SU(N) case the system of equations remain the
same but it must be supplemented by additional equation which takes into account the constraint
on the determinant of SU(N) matrices (10)

N∑
i=1

ωi = 2πq . (12)
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Fig. 1. Plots of the free energy (13) (left) and the Polyakov loop trace(17) (right), for µ = 0 as functions of dβ.
Different lines (distinguished by color) correspond from bottom to top to h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1
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Fig. 2. Plots of the first (left) and second (right) derivatives of the free energy for µ = 0 as functions of dβ.
Different lines (distinguished by color) correspond from bottom to top to h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1
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3. Phase diagram of SU(2) model
As a simple example consider SU(2) model. At finite chemical potential the classical

action of SU(2) remains real and depends on µ only as v = h coshµ

Scl = 2b(1 + cos 2ω) + 2v cosω + 2 log sinω . (13)

Here, b = dβ. In terms of variable t = cosω the action (13) leads to a cubic equation which has
three solutions. The relevant one reads

t(b, v) =
1

12b

−v +
p1

3

√
p2 +

√
p22 − p31

+
3

√
p2 +

√
p22 − p31

 , (14)

p1 = 12b(4b− 1) + v2; p2 = 18b(1 + 8b)v − v3 . (15)

In the pure gauge case it reduces to

t(b, 0) =

{
0, b ≤ 1

4 ;√
1− 1/4b, b ≥ 1

4 .
(16)

Only in the pure gauge case we have a genuine phase transition which turns out to be of the
second order, as can be seen from the plots of the free energy in the left panel of Fig. 1, and its
first and second derivative as a function of b = dβ shown in Fig. 2: while the first derivative
is continuous, the second one exhibits a finite jump. At any nonzero h all derivatives are
continuous functions of b.

The Polyakov loop becomes

TrU = cosω = t(b, v) . (17)

We would like to note that SU(2) Polyakov loop remains real even at nonzero µ. The plots
of the real part of the SU(2) Polyakov loop as a function of b = dβ are shown in Fig. 1, right
panel.

Finally, we have also computed the baryon density as a derivative of the free energy with
respect to chemical potential. Its behaviour is shown in Fig. 3. As expected, the density is a
growing function of the chemical potential.

4. Phase diagram of SU(3) model
Amore sophisticated example is the SU(3)model. This case suffers from a sign problem.

In this case Eqs.(11) and (12) lead to the system of two equations. With the substitution

x =
3

2
(ω1 + ω2) , 0 ≤ x ≤ 6π , y =

1

2
(ω1 − ω2) , −π ≤ y ≤ π . (18)

the classical action for N = 3 and γ = 1 takes a form

Scl = 3b+ 2b [cos 2y + cos(x+ y) + cos(x− y)] + 2 ln
[
sin y sin

x+ y

2
sin

x− y

2

]
+ h cos

(x
3
+ y − iµ

)
+ h cos

(x
3
− y − iµ

)
+ h cos

(
2x

3
+ iµ

)
. (19)
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Fig. 3. Plots of the baryon density at βd = 0.2 (left) and βd = 0.4 (right) as a function of µ. Different lines
(distinguished by color) correspond from bottom to top to h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1.

After some algebra one gets the following system of equations

sinx [2b cos y(cosx− cos y) + 1]

+
h

3
(cosx− cos y)

[
sin

(x
3
− iµ

)
cos y +

1

2
sin

(
2x

3
+ iµ

)]
= 0 , (20)

2b sin2 y (cosx− cos y) (cosx+ 2 cos y)−
(
1 + cosx cos y − 2 cos2 y

)
+h sin2 y (cosx− cos y) cos

(x
3
− iµ

)
= 0 . (21)

The Polyakov loop becomes

TrU = cosω1 + cosω2 + cos(ω1 + ω2) + i sinω1 + i sinω2 − i sin(ω1 + ω2)

= 2 cos
x

3
cos y + cos

2x

3
+ 2i sin

x

3
cos y − i sin

2x

3
. (22)

Comparing with formula (8) one concludes that y ∼ A3
0 and x ∼ A8

0.
4.1. Pure gauge theory

Consider first the pure gauge theory, i.e. h = 0. The system of Eqs.(20)(21) simplifies to

sinx [2b cos y(cosx− cos y) + 1] = 0 , (23)
2b sin2 y (cosx− cos y) (cosx+ 2 cos y)−

(
1 + cosx cos y − 2 cos2 y

)
= 0 (24)

and has the following solutions:
I. Confinement phase:

A : xc = 2kπ , yc = ±2π

3
, k = 0, 1, 2 ;

B : xc = (2k + 1)π , yc = ±π

3
, k = 0, 1, 2 . (25)

These solutions describe the confinement phase. One finds the real and imaginary parts of the
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Fig. 4. Parametric plots of the Polyakov loops (30) above critical point in three Z(3) degenerate phases.

Polyakov loop and the classical action which are the same on all solutions

Re TrU(xc, yc) = Im TrU(xc, yc) = 0 , (26)

Sconf (xc, yc) = −3 ln
4

3
. (27)

II. Deconfinement phase:

xd = kπ , sin yd =
1√
2b

, cos yd = zd =
√
1− 1/2b ; k = 0, 1, 2, 3, 4, 5 . (28)

These solutions describe the deconfinement phase. The value xd = 0 corresponds to A8
0 = 0.

The action (19) with k = 0, 2, 4 is degenerate on these solutions and equals

Sdec(xd = 0, 2π, 4π, yd) = −2− 5 ln 2− 3 ln b+ 5b+ 4zd − 2 ln (1 + zd) . (29)

The corresponding values of the Polyakov loop

Re TrU(xd = 0) = 1 + 2zd , Im TrU(xd = 0) = 0 , (30)

Re TrU(xd = 2π) = −1

2
− zd , Im TrU(xd = 2π) =

√
3

(
1

2
+ zd

)
,

Re TrU(xd = 4π) = −1

2
− zd , Im TrU(xd = 4π) = −

√
3

(
1

2
+ zd

)
describe the Z(3) degenerate phases of SU(3) gauge theory above the deconfinement phase
transition. Solutions with xd = 0, 2π, 4π provide the global maximum of the action (19). Their
appearance signals the spontaneous symmetry breaking of the global Z(3) symmetry above the
critical point. The critical point is found from the equation Sconf = Sdec and equals βc ≈ 1/6.
This is a first order phase transition because the order parameter – the Polyakov loop, as well as
the first derivative of the free energy, exhibits a jump across the critical point. The parametric
plots of the real and imaginary parts of the Polyakov loop as a function of b = dβ are shown in
Fig. 4. The odd values of k = 1, 3, 5 correspond to minima of the classical action.

4.2. Theory with static quarks
When h > 0 the degeneracy of the solution of the equations (20)(21) is removed. This is

a consequence of a breaking of the global Z(3) symmetry when dynamical quarks are added to
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Fig. 5. SU(3) model free energy (19) (left) and its derivative (right) for µ = 0 as functions of dβ. Different
lines (distinguished by color) belongs from down to top to h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1.
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Fig. 6. The real (left) and imaginary (right) parts of the Polyakov loops (22) for µ = 0.3 as a function of
b = dβ. Different lines (distinguished by color) correspond from bottom to top to

h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1.

the action.
Unlike the SU(2) case, the system of equations for the SU(3) model cannot be solved

exactly when both h and µ are nonzero. First, from the analysis of the equations (20, 21) one
can see that the solution for x in presence of a real chemical potential should be imaginary.
In what follows we do a change of variables x → i x, which causes the imaginary part of the
Polyakov loop to be purely imaginary.

We search for the solution in the form of a series expansion in powers of u (where v =
h coshµ, u = tanhµ)

x = ux1(b, v) +O
(
u3

)
, (31)

t = cos y = t0(b, v) + u2t2(b, v) +O
(
u4

)
. (32)

From symmetries of equations one observes that x includes only odd powers and t includes only
even powers of u.
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We find for x, t

x1 =
v(t0 − 1)(2t0 − 1)

2(v(t20 − 1) + 18b(t0 − 1)t0 − 9
, (33)

t2 = x1
(t20 − 1)[18b x1(2 + t0)− v(2 + t0(x1 − 2))− 10x1] + 9t0x1
4b(t0 − 1)(t0(5 + 8t0)− 1)− 2(1 + v) + 2t0(4 + v(3t0 − 2))

, (34)

where t0 is a root of a cubic equation

t10(b, v) =
1

12b

−(2b+ v) +
d1

3

√
d2 +

√
d22 − d31

+
3

√
d2 +

√
d22 − d31

 , (35)

t2,30 (b, v) = − 1

12b

(2b+ v) +
(1± i

√
3) d1

2 3

√
d2 +

√
d22 − d31

+
1∓ i

√
3

2

3

√
d2 +

√
d22 − d31

 , (36)

d1 = 52b2 + 4b(v − 6) + v2 , d2 = 280b3 − 6b(v − 6)v + 12b2(11v − 12)− v3 . (37)

For h < 0.07875 all three solutions are relevant, while for h > 0.07875 only the first one is
important. The value h = 0.07875 corresponds to a second order phase transition endpoint at
µ = 0. The limit h → 0 reduces to the pure gauge case (28) (that is also a multivalued function):

t0(b, 0) =


−1

2 , b ≤
2
3 ;

−
√
1− 1/2b, 1

2 ≤ b ≤ 2
3 ;√

1− 1/2b, b ≥ 1
2 .

(38)

The phase transition from the confinement to the deconfinement phase is characterized by
a jump of both real and imaginary parts of average Polyakov loop (at µ = 0 the imaginary part
is exactly zero). This is typical for the phase transitions of first order. The plots of the real and
imaginary parts of the Polyakov loop as a function of b = dβ are shown in Fig. 6. On the Fig. 7
we show a crosssection of the phase transition surface by a plane µ = 0.

Baryon potential as a function of µ exhibits a rapid growth. On the Fig. 8 we show a series
of plots of the baryon density as a function of µ at different values of h in the confinement and
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Fig. 8. Baryon density as a function of µ at the b = 0.3 (left) and at the b = 0.8 (right). Different lines
(distinguished by color) correspond from down to top to h = 0.0, 0.02, 0.04, 0.06, 0.08, 0.1.

the deconfinement phases. Similar to the SU(2) case, the baryon density is a growing function
of the chemical potential.

At all fixed µ we have a critical point in h, above which the first order phase transition
disappears. This points, that for the small values of µ are approximated by a curve h cosh(µ) ≈
0.07875 form a second order critical line. Above this line one observes a rapid crossover.

5. Summary
In this paper we have studied the phase structure of SU(N) Polyakov loop models for

N = 2, 3. These models can be derived from the lattice QCD in the region of the strong coupling
and the large quark mass. The idea was to determine the eigenvalues of the Polyakov loop from
the positions of maxima of the effective action. We did it both for the pure gauge theory and for
the theory with heavy quarks in the presence of the baryon chemical potential. This allowed us
to reveal the phase diagram of the models and describe the corresponding phase transitions. In
addition, we have also computed the free energy and its first and second derivatives with respect
to the effective coupling, as well as the baryon density. The knowledge of the eigenvalues led to
a direct determination of the expectation values of the real and imaginary parts of the Polyakov
loop.

At finite density two independent eigenvalues of the Polyakov loop in SU(3) model be
come nontrivial leading to a nonvanishing value of the imaginary part of the Polyakov loop.
This agrees well with the result of Ref. [18] where it was shown that when µ ̸= 0 the component
A8

0 acquires a nonzero imaginary value.
The further development can include investigation of the screening masses at finite den

sity. Such masses should be extracted from the Polyakov loop correlation which, in turn can be
evaluated by an integration over fluctuations around established eigenvalues. These calculations
are now in progress.
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