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In the present paper, we use the theoretical model of fractal elements to study the charge and 

capacitance-voltage differintegral characteristics of a fractal field-effect device. The control of the charge 

channel and the capacity of a fractal nanotransistor is revealed by changing the scaling of the nanolayer, 

the charge density in which is determined from the sum of the charges of electrons, holes, and ionized 

impurities. The significant influence of fractal charge distribution carriers on the device capacitance at high 

frequencies is noted. This fact theoretically confirms the possibility of increasing the capacitance of metal-

oxide-semiconductor structures to increase the efficiency of the field-effect-transistors. The comparison of 

the obtained expressions shows the strong influence of fractal medium on the electric field size and charge 

density in a semiconductor that is followed by the change of capacitive device parameters. The differential-

integral method for modeling artificial metamaterial fractal radioelements with necessary electrical 

characteristics is proposed.  
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1. Introduction 

The study of metamaterials in the frequency bands where the effects occurring in 

devices with a semiconductor medium and distributed negative capacities and inductances [1] 

are important is one of promising trends in the development of modern electronics. 

Researchers from Purdue University have suggested the technological implementation of a 

ferroelectric metamaterial layer with a negative capacitance, which increases the transistor 

efficiency [2]. 

By optimizing material parameters and tuning negative capacitance, negative-

capacitance field-effect transistors (FET) can achieve 2.5 times higher energy efficiency than 

conventional metal-oxide-semiconductor (MOS) [3]. The FET channel is described by the 

Poisson-Schrödinger equation to calculate electrostatics and quantum mechanical states. 

We consider the possibility of charge and capacity control in radioelectronic devices 

based on MOS-FET that operate on the basis of changing the conductivity of a channel 

between a source (S) and a drain (D) in a fractally configured semiconductor region near the 

boundary with a dielectric layer under the electric field action. 

The interest to the development of such elements in the integrated circuit is explained by 

the fact that most modern analog and digital integrated circuits are executed by MOS-

technology [4]. The theory of a fractal layer [5, 6] at the interface between two media is based 

on the determination of the fractional differential elements. 

The definition of a compact covering of the heterogeneous set with introduction of 

dilatations )(kil  ( k  is the number of coat generations, i  is the number of subsets in the k -th 

generation) with their diminution in the following generations of a coat )()1( kiki ll +        

(Fig. 1), gives a functional connection of number of polygonal vertexes 
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smooth solution of which exists and is unique in the form of a power function (see, for 

example, [7]):               
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The passage to the limit gives a fractional differintegral xd x)(  with variable 

exponent )(x  in formulas, so a fractional exterior derivative can be defined by the 

equation xdxLDxLd xx
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Fig. 1. Geometric fractal element coat )()1( kiki ll +  of metal–oxide-semiconductor channel. 

The fractional derivative ))((
)(
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 is used in the Riemann–Liouville form with 

a variable scaling index (see, for example, [8]) 
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2. Charges on fractal elements 

The fractal element of a charge distribution xdxdxx   )()()( =  in volume of 

oxide MOS-structure ( x  here corresponds to the demarcation metal–ferroelectric, the 

ferroelectric–semiconductor border coordinate 0xx =  (Fig.1)) induces charges: gQd in 

metal and sQd  in semiconductor. The field change 1dE  to the left and 2dE  to the right 

from the point x , which is caused by these charges, we write down in the form of the 

equation 0)( )(
201 =+−+ sddExxxdE  . From here, taking into account the 

determination of the superficial potential ),( ss Qf=  sss QdQfd  )()(= , the 

Gauss theorem and the neutrality condition 0)( =++ dxQdQd sg
  , for the 
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definition of charge in the semiconductor we obtain the equation 

xdxxQfxQd sxs
  )()]([ )(

00 =−− . 

After the integration we have expressions for additional charges sQ  and gQ   

induced in the semiconductor and in the metal by the total charge in the ferroelectric 

material: 
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For a fractal element of charge 
)(

0
)()( )()(   gsss QxxQx +−= , which is 

concentrated on a ferroelectric material surface, we determine sizes of the equivalent 

surface-bound charges gsss QQ  , . Thus, selection in the model of fractal elements leads 

to the formation of a fractal configured charge sssss QQQ +=  on the ferroelectric–

semiconductor border. 

3. Charge density on fractal configured border 

The construction of a fractal model for the nanolayer capacitance simulation at the 

metal–semiconductor interface in space as a function of the set is feasible by introducing 

the differential alpha-form of sets of physical charges (current elements) in ferroelectric 

and semiconductor metamaterial. 

As well as in the classical statement, we determine charge density in a semiconductor 

by the sum of electron charges (n), holes (p) and ionized impurities (N) [4]. For the non-

degenerate semiconductor )()( Npnqx ++−= , )],(exp[  −−= Finn  

)](exp[  −= Finp  where  is carrier concentration in the intrinsic 

semiconductor , −F potential, are counted from a Fermi level in own 

exemplar. 
As a result, charge density depends on coordinate x  in fractal medium as               

 and satisfies the Poisson’s equation 

 (4) 

)2/( isD qnL =  is Debye length of screening,  is semiconductor inductivity, 

.,  == uu FF  

After the integration of the Poisson’s equation (4) we obtain −  potential 
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The electric field value on the surfaces of the semiconductor 
s

xs uDE )(
1)( 


−= and 

the total charge on a semiconductor surface unit are calculated taking into account the 

obtained equations 
s

xs uDE )(
1)( 


−= ; )()(   sss EQ −=  (according to the Gauss 

theorem). 
We determine the charge density on fractal configured border by integrating (4)    

from 0 to x  
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4. Capacity of the fractal conduit channel 

The volume charge of the semiconductor )(
sQ , which size depends on a 

fractalization degree, and bias voltage GV  on a metallic electrode results in the 

dependence of aggregate capacitance per unit area of MOS-structures from GV as 

GGt dVdQC /
)(
=


 where a gate specific charge sssG QQQ −−= )( . This is a basis fact 

of a method for studying MOS-structures and further it is applied by us for determining 

the fractal structure capacity. 
For rather low frequency of a small variable signal enclosed to the gate, the 

measured capacitance practically coincides with the capacity of the fractal structured 

oxide 
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( x0  is the oxide layer dielectric constant, 0x  is the layer thickness). 

For a low-frequency signal and increase in bias voltage the aggregate capacitance is 

modelled sequentially by the switched-on capacitors 0C  and )(
sC (capacity of the 

superficial states 0/ =−= sssss ddQC  ): 
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At high frequencies, when the magnitude of the semiconductor capacitance 

s
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)( −=  in the inversion mode is determined by the thickness dx  of the depleted 

region, the fractal structure of the charge carrier distribution is manifested, and the 

expressions for the capacitance have the form 
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5. C-V characteristics determination and calculation 

To study the rapid switching of the system to inversion mode when the charge of the 

inversion layer does not have time to be formed that is accompanied by the occurrence of 

transients, taking into account G
s

s V
C

Q
+=

0
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  and integrating the Poisson’s equation, 

we have [9] 
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For the scaling indices 1= , 2= , the obtained dependences (8 – 11) coincide 

with known classical results [4].  

We note the significant influence of the fractal distribution of charge carriers on the 

capacitance, which theoretically confirms the possibility of increasing the capacitance of 

MOS structures, in particular, to increase the efficiency of the FET. 

    

Fig. 2. Relative capacitance of a fractal silicon MOS structure at high frequencies 

depending on layer thickness x , fractal scaling   and  , and voltage 
G

V  . 

Figure 2 shows the results of calculating the ratio 0
)(

/ CCt


 of the 

semiconductor capacitance: we plot the graph (a) according to equations (10) 

depending on the scaling parameter (from 0=  to 1= ) and relative thickness 

0/ xxd ; the graph (b) shows the C-V differintegral characteristics determined by 

equation (11) depending on the potential GV   and the scaling parameter (from 

1=  to 2= ). For comparison with the known theoretical and experimental 
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results, we used the phenomenological data    

 from [4]. 

6. Discussion and conclusion 

Comparison of the obtained expressions shows the strong influence of fractal 

medium (scaling factor  ) on the electric field value and charge density in the 

semiconductor that is followed by changes of capacitive device characteristics. 

The differential-integral approach developed for MOS structures leads to fractional 

order equations describing the process of charge accumulation at the metal-oxide 

boundary.  

The fractal distribution of charge carriers on the capacitance theoretically confirms 

the possibility of increasing the capacitance of MOS structures, in particular, to increase 

the efficiency of the FET. 

An analysis of the obtained equations solutions shows that scaling allows us to 

control and regulate the degree of charge and capacity accumulation by a nanosheet in a 

natural and artificially created environment of a metamaterial, the geometric or physical 

properties of which are modeled by fractal physical charges (current) elements in 

ferroelectric and semiconducting metamaterials. 
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