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We study the quantum states of the black hole model in the configuration space. To this end, we
investigate the properties of the configuration space of the Einstein—-Maxwell set of equations in the T-
region. We limit ourselves to considering the T-region, where the fields under consideration have a dynamic
meaning. Based on the standard action for the of Einstein—-Maxwell set of equations, we construct the
reduced action for the spherical symmetry case. Using the Hamiltonian constraint, we exclude the non-
dynamic degree of freedom from the reduced action, thereby passing to the configuration space. In the new
representation of the system, we study the induced dynamical system in the configuration space. It turns
out that the induced supermetric is reduced to a quasi-Cartesian form. The laws of charge and mass
conservation, which the system contains, together with the Hamilton constraint, completely determine the
state of the black hole. They allow one to find the momenta and the action of the system in terms of field
variables and conserved quantities, as well as the trajectory of motion in the configuration space. The black
hole quantization is reduced to the construction of the quantum states for the system with a fixed mass and
charge in a three-dimensional pseudo-Euclidean configuration space The Hamilton constraint is associated
with the DeWitt equation, the latter is constructed using the Laplace—Beltrami operator, which is
Hermitian with respect to the natural measure. To construct a Hermitian mass operator, it suffices to
restrict ourselves to partial derivatives with their corresponding ordering. For the physical states satisfying
the DeWitt equation to be also eigenfunctions of the mass operator, the compatibility conditions must be
satisfied. In this case, we arrive at the corresponding ansatz. Its substitution into the DeWitt equation leads
to a self-consistent solution of the quantum DeWitt equation and equation for the eigenvalue of the mass
operator. The constructed model describes the quantum states of a charged black hole in the configuration

space with continuous mass and charge spectra.
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1. Introduction

One of the most important tools of quantum gravity is the method of the Feynman path
integral. However, it can be assumed that the divergence of the two-loop amplitude arising
here is related to the general failure of the perturbation theory in general relativity (GR).
Therefore, when studying black holes (BH) apparently, we must use a non-perturbative
quantization approach. Note that the complexity of some problems can be mitigated with a
model approach. One of the popular models is spherically symmetric (SS) configurations of
gravitational and electromagnetic fields.

As is well known, the space-time (ST) metric for SS configuration of the
electromagnetic and gravitational fields in GR admits the Killing vector. In the R-region,
where this vector is timelike, the fields do not have dynamic degrees of freedom. By virtue of
this, to study quantization issues, we limited ourselves to considering the T-region, where
these fields have a dynamic meaning [1, 2].

2. Classical system states in the configuration space

We write the action of gravitational and the electromagnetic field system in the standard
form

__ 1 c’ 3 . N
5= 167C I(; R+F, F* |/~gdx’drd@dc + (boundary terms) (1)

where ‘YR is the scalar curvature; F.=A,-A, is the tensor of the electromagnetic

field; g =det|gw|' In the T-region with the SS metric
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ds® =y, dx*dx” - R?(x°)do? = f (x°)(dx°)* - h(x°)(dx")* - R*(x°)do®  (2)

after dimensional reduction, the action (1) is reduced to the following [1]:
Ic? 1 («x
S=-—||—=| =RE*-R,(hR Jhf {dx° 3
2K L/hf (04 'O( )'OJ—I_ } ®)

where E =F,, = A ; =@, In characteristic variables &,R [3]: f=N?R/¢, h=¢/R
and the metric (2) takes the form
» R 02 €/ i\ g2
ds —E(Ndx ) —E(dx) -R°do”> (4)
In this case, the action can be rewritten as follows

1

s:jl_dxf’, L:E

(N*1+NU), (5)
where L is the Lagrangian of the reduced system with kinetic and potential parts

4
|:_C_§R+R2¢2’ U:C_ (6)
K K

Here it is marked & = $o R= Ro, o=@, = op/ox°,
From the Lagrange function (5) the constraint and the multiplier N values follow:

sL_oL 1 (1 _
S ) @
N:\/UI=§\H. ®)

Using the formula (8), action (5) is converted into action St in the configuration space
(CS):

STZILH:O dXOZ/IJ.\/YdXOZIUIdQ, (9)
Herewith
— o _ puc’ 0
dS; = uNIdx" == Ndx" = udQ , (10)
Jx
4
d0?=G,dq*dq’ = — = dédR + R%dp*>0, (11)
K
where d? is the CS metric in coordinates: ° ={¢, R, ¢}, u= o/ .
The determinant G=det||G,,|| = —¢*/4x? R*<0 defines the natural measure in
the CP:
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4
dV = -G dq'dg’d’ = ;— RA¢ dRdp. (12)
K
Note that with the help of field variable transformations
_ Y _1ly _
5—77[01' X Rj’ @ SR R =7(cr +Xx), (13)

where 77 = \/E/ C2, the metric (10) is reduced to the Lorentz form

dQ?Z = —c*dz® + dx® + dy® > 0. (14)
From the dynamic system (5), (6) taking into account (8) and (10), we find the momenta
p__ Ic® o Ic® dR p__ Ic® bo_ Ic®  d&
° 2xN 21 dQ’ R 2N 21K dQ (15)
—L R?¢ —C_I R? d_go
I VR FRAToY
The Legendre transformation
NH=P,¢"-L=PL+PR+Pg-L (16)
of the dynamical system (5), (6) leads to the Hamiltonian constraint
C 4K 1 C al
:z{—c—‘tF’;PRJr?P;—,uZ}:E(G PR, — )0 0. (17)
Further, we define the following function of variables of electromagnetic field:
2 2
Q(N,R,(p):%P :R—(p:C—de—q):const, (18)

 NT Jk dQ

which persists and is equal to the charge of the configuration within the region of radius
R. Adhering to [8], we will call it the charge function of the system.
In addition, there is another conservation law for the SS system of Einstein-Maxwell
equations [9]
2 32

c ab R°E
—R(1+»*R.R, |+ ——=m=const, 19
K ( V' Ta *") 2¢%N?2 (19)

which is called the mass function. For the T-region with the metric (4), it takes the form

M

tot —

2

c 1 ., KR .
|\/|m=§{R+F£§R2+ = (pzﬂ=m=const- (20)

Expressing the mass function through momenta P and P¢ , We obtain

2
C 2K
=—R+
ook 1%c*

L Pz, (21)

M
2I°R 7

EPZ +

or, taking into account sz Iq / C, we have
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C2

tot —
2K

2 ., Q°
M R+——¢P +——=m=const. 22

12c* sk 2¢°R (22)
The conservation laws M,, = m and Q = q, together with constraint (17), completely
determine the state of the BH. Indeed, they make it possible to express the momenta

{Pg,PR,P(p} and the action S in terms of field variables {& R,¢} and conserved
quantities g and m.

So from the mass function (22) we find
2km kq°

I’ R 2km - kQ~
R ¢'R?

P = (3R Pl (23)

2K

Finally, from constraint (17) and relation (22) for the momentum P, , we find

Ic® < xq°
P,= / —1
R 2x\ RF; [c“RZ (24)

To find the action S(f, R,(p) as a function of field variables and conserved

quantities, we write the differential
dS=P.d&+ PdR+ P, dp=P.d& + PdR+(lg/c)de-
Hence, using the integrability conditions oP, /JOR=0P, /0& and (23-24), we find

S —2&P, —l—l?qgo or

Ic® I
S=S,+S, = —JERF; +—ap- (25)

K

Further, from the formulas 6S/ém=1la,, 6S/oq=1la,. where @, and &, are
constants, we find the trajectories of the system in the CS [8].

3. Quantum states of the system in the configuration states

The quantum states of the field configuration under consideration are determined by
the wave function W(R, & ¢) in the CS with the coordinates{R, & ¢}. We define the
momentum operators in the coordinate representation, where instead of partial derivatives
the covariant derivatives with respect to the metric (11) are used

A

Pé = —ithy, P, =-iaV,, P(p = —ith (26)
The Hamiltonian constraint H = 0 (13) is associated with the quantum analogue
( H¥Y =0 ) — the DeWitt equation
q _£ ap B 2 __£ 2 2
H\P—ZI(G PR —u )\P— 2|(h A+ 1) 10, @7)

Moreover, the momentum square operator P2 =G® FA’a FA’b = —h%A is associated with
the Laplace—Beltrami operator A with respect to the metric (11) in the CS
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a 1 0 ab O
AY =VV VY =—— J|IGIG* — |
a ’|G| aqa[ | | aqu (28)
Using the metric (11) and G = —c®/4x? R? , we find

2 2
ppo 26O 2610 0% 1Y 9
c* %R c¢* RAR 6R RZdgp

The introduced operator A is Hermitian with respect to the natural measure (12) of the
CsS.
To construct the Hermitian total mass operator, in CS with the volume element (12),

it is sufficient to use the following ordering of operators: afP; = |5§§|5. It turns out

here that the momenta entering into the functions of charge (18) and mass (21) can be
associated with partial derivatives: |:3§ =—iho/d&, |5¢ =—ihd/op- Thus, the

charge (18) and the total mass (21) correspond to operators

A C .Ch 0 .~ 1 (1%*_ 4xh®> 0 _0 H° 07
=P ="A—— M= —R—F——¢6—-——
Q | 7 | Op ZI{ K ¢’ a§§a§ Ragozj (30)
The introduced operators satisfy the commutation relations
A A 2kh? 0 - AA A A
[H,M]——W%H~O, [H.Q]=0, [M.Q]=0 (31)

Further, we construct states with the fixed mass and charge, i.e., states corresponding to
the eigenfunctions and eigenvalues of the mass and charge operators

Qy, =ay,, My, =my/, . (32)
Writing the first equation expanded form, we obtain

ich 0 i(ql/c
'——q)wq =qQy, = W,=Ae (al/ch)e

Therefore, the general wave functions of the DeWitt and charge operators, as well as the
operators of the mass and charge, can be represented in the form

P =y (& R)w,=w(& R)e ™,

' (33)
le:l//m(g, R)V/q:l//m(f, R)el(ql/Ch)’p_
where the functions y and ym satisfy the equations
2kh? B2 +2Kh2iRi+ |2q2 _C2|2 L )
¢! 0%R Cc'R R 98¢ C¢°R*  « w =0, (34)
|2c2 4Kh2 o 0 |2q2
et Akn’ 0.0 VQ'| e
[ K C4 85585 CZRZ ‘//m l//m (35)

In the Planckian and corresponding dimensionless quantities
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Ch hrx —
mﬁlz?, Iglz?’ qplzmpl\/;: Ch,

m a—i <& _ R |

the system of differential equations (34) and (35) can be rewritten as follows

2 2 2
oy __ Yoy, xfy o], (36)
oxoy 2y OX 4 y

0%y oy x° o’
X M=t M2 | y—2y4— : 37
pw o 2y~ y z @37)

According to (31), the mass operator M weakly commutes with the Hamiltonian H. In
order for the physical states y satisfying the DeWitt equation (34) to be also
eigenfunctions of the mass operator (35), the set of equations (36), (37) must have a
common solution y = wm. The compatibility condition of this set

00y 00y _,

OX X0y oy ox®
leads to the equation
o’ \oy 1 o’ \oy 1 o’
l1-— |———=|y—-2v+— | —=—| y—2v+—
[ yzjax x(y v yjé’y 2yx y—<v y 4 (38)

After the replacement y =e*, we arrive to the linear inhomogeneous partial differential
equation of the first order

oc’\oz 1 o’ \oz 1 o’
1—7 &—; y—2V+7 Ezz—yx y—2V+7 (39)

From its characteristic equation

dx xdy _ 2xydz 10
1-0%/y*  y-2v+oily y-2v+olly (40)
two integrals follow:
2
ez\/§=c1, x(y—2v+%]:c2 (41)

where C: and C: are arbitrary constants. The common integral can be represented as

%F[(yzﬂj

Here F is an arbitrary function of its argument. Substituting this result, for example, into
the equation (36), we obtain
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2
|:"+x2|:'-"T F=0

where F' — is the derivative of the function F with respect to the argument. The solution
of this equation, regular on the horizon Fr = 0, has the form

2
w(x,y):%Jo Z\/x(Zv—y—%j : (42)

where Jo is Bessel functions of the first kind of zero order.
Returning to the original variables and taking into account y =€’ and (33), we
obtain the following, regular on the horizon solution

‘P(f, R,(p) =yl — C\/%Jo {Z\/%jeiqlwch 43)
pl

where the function Fr is defined in (23). As a result, we get a model of a charged BH with
a continuous spectrum of mass m and charge g.

4. Conclusions

The considered field configuration allows two integrals of motion: total mass and
charge, so the dynamical system turns out to be completely integrable. Together with the
constraint, they completely determine the momenta and the action, as the functions of
field variables and conserved guantities in the CS. Moreover, from the action you can
find the trajectory of the system motion in the CS. This defines the classical picture in
CS. We also carried out the quantization of a black hole by constructing the quantum
states of the system with the certain mass and charge in a three-dimensional pseudo-
Euclidean CS. For that, we constructed the DeWitt equation with the Laplace-Beltrami
operator, which is Hermitian with respect to the natural measure in the CS. For building
the Hermitian mass operator, we can restrict ourselves to partial derivatives, but with their
corresponding ordering. The compatibility condition for the DeWitt equation and the
equation for the eigenfunctions of the mass operator is solved by the method of
characteristics and leads to the corresponding ansatz. Using this ansatz, we have obtained
a self-consistent solution of the DeWitt equation and the equation for the eigenvalue of
the mass operator. As a result, we obtained the charged BH model, whose quantum states
in the CS are described by a wave function with continuous mass and charge spectra.
Note that the formulas obtained here are consistent with the results of [10] obtained by a
different method.
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