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Analytical aspects of the classical geometrodynamics for the spherically-symmetric configuration of
the electromagnetic and gravitational fields in GR are considered. The feature of such configurations is that
they admit two motion integrals — the total mass and charge. The Einstein-Hilbert action for the
configuration, after dimensional reduction, by means of the Legendre transformation is reduced to the
Hamiltonian action. Using the conservation laws for the mass and charge, as well as the Hamiltonian
constraint, the momenta are found as functions of configuration variables. The set of equations, which
associate momenta and functional derivatives of the action in the configuration space (CS) is integrable.
This allows us to obtain the action functional as a solution of the Einstein-Hamilton-Jacobi equation in
functional derivatives. Variations of the action functional with respect to mass M and charge Q of the
configuration lead to the motion trajectories in the CS.

We note that the minisuperspace metric, which is induced by the kinetic part of the Lagrangian, does
not coincide with the CS metric that arises when the function of lapse N is excluded from the action. The
space-time metric for which the indicated metrics coincide in the T-region up to a coefficient are
considered. The metric of CS is constructed and its geometry is studied. Under the trivial embedding of
hypersurfaces of the foliation into a dynamical T-region, the CS is flat. It allows introducing pseudo-
Cartesian coordinates in which the CS metric takes the Lorentz form.
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1. Introduction

As is well known, the space-time metric M* of a spherically-symmetric configuration of
the electromagnetic and gravitational fields in GR admits the Killing vector. Therefore, in the
R-region, when Killing time is used, the fields do not have dynamic degrees of freedom. By
virtue of this, to study quantization issues, in [1, 2] we limited ourselves to considering the T-
region, where these fields have a dynamic meaning. In the general geometrodynamics
approach [3-5], a 3+I-splitting of M* into a one-parameter family of the spacelike
hypersurfaces is constructed. The corresponding parameter determines the time coordinate of
the reference system and describes the evolution of geometric quantities given on these
hypersurfaces, thereby introducing the dynamics of these objects.

In the paper [6] the classical geometrodynamics of charged black holes is considered.
Herewith, uses a metric M* of the form [3, 4]:

ds* =N* (&) = I (dr+ N'dx ) - R*do? (1)

where dx’ =ct, do” =d&” +sin> da’, N is the function of lapse (Lagrange multiplier).

Note that the metric of minisuperspace, which is induced by the kinetic part of the
Lagrangian, does not coincide with the metric of the configuration space (CS) that arises
when N is excluded from the action. In the T-region, they coincide up to a coefficient for
metrics M* of the form

ds* =n?L?(dx") - 2 (dr + N'dx°) - R*do?,
where n is a new Lagrange multiplier. In this paper, we propose a procedure for integrating

the equations of classical geometrodynamics for the system under consideration with a metric
M* in the form
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ds? =§(ndx0)2 —%(dr+N'dx0)2—deO'2 )

2. Basic dynamic quantities and constraints of the configuration
Consider the total action for the configuration under consideration in the form

1 4
S= —@J‘(% @R+ F, F* }/—gdxodrdeda’ + (boundary terms) 3)

where ‘YR is the Ricci scalar,
Fﬂv = Av,,u - Aﬂ,v

is the electromagnetic field tensor, g = det|gaﬁ| . After integration over the angles 6 and

«, the action, up to the surface terms, can be represented as

S:jAdzx, A=n"'T +nU, 4)
e’ 1
T=—— —N¢é —2EN")(R,—N'R )+—R*E?, 5
2K(§0 f,r 5 ,r)( L0 ,r) 2C ( )
3 2 2
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where A is the system Lagrangian, T and U are the kinetic and potential parts of the
Lagrangian of the system, N and N" are lapse and shift functions, £, R, and ¢ are

configuration variables.
Furthermore Aﬂ :{Ao =@, A = ¢,0,0} EFy, =-F,=E=¢,-9¢,,
R,=0R/0x°, R, =0R/dr, R, =0°R/or’.

The canonical momenta conjugated to the configuration variables &, R, and ¢ are

JA c? )
=—=- R,-N'R,):
S =5 " e (R~ VR, @

I S (E,—N'"E, —2&NT)
"TOR, 2xn'’ ’ ) (®)

OA R? R?
P = = (¢u - r)

= = =—F.
¢ d¢, cn ¢ cn ©)

A Legendre transformation of the dynamical system gives the Hamiltonian action
S = [dx*[dr(P.&,+ PR, + Pyp, —nH,~N'H, - pH,)) (10)

where H , H ,and H s respectively, are the Hamiltonian, diffeomorphism and Gaussian

constraints

By Y Ly R fA ¥

oo 0N 2K, e O R 2R
" on 2R Y 2| &

Rz—ER,,}o, (11
g TTET
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oA
H,=-om=R P =¢ P —20P, =0, (12)
oA
H{p:_%:P’p'r:O. (13)

The Gaussian constraint (13) determines the electric field strength E generated by a
charge O
2
P:R— =g=const:>E=n%- (14)
cn c R

3. The mass and momenta as functions of the configuration variables
The Einstein equations for the configuration under consideration lead to the

conservation laws for charge Q and the total mass function M, [7]. For the metric (2),

tot

the mass function M, takes the form

2 2 3
¢ g e VR R 2
M, (RRyR,,c.E)=—|R+=|\R,—-N'R,) —R, |+—=E =m, 15
to( L0 s 5 ) 2K|: nz( L0 S ) f ,:| 2C2n2 ( )
Relations (7) and (14) allow us to formulate the mass in terms of momenta
2 2
M, (R.R,.& P, P)=—| R4~ 2P R |[+—P’ =m. 16
“ '55"’2;;{ R° E | 2R’ (16)

Hence, one can also find the momenta as functions of configuration variables. This
allows us to construct the system action as a functional in the CS, which is a solution of
the Einstein-Hamilton-Jacobi equation (EHJ). Indeed, from (16) we find the momentum
P§ as a function of R, R ,, and parameters m and Q:

3
c |R R 2km
Pf =i = F;at :_Rzr -1+ D ’:Qz . (17)
2k\ & & R 'R
Substituting the momentan, P¢ into the Hamiltonian constraint (11), one obtains the
momentum B, :
: } R? 2R 2R’
PR = f |: Q 2 _C_(1+_2R,r§,r__R3‘_ R,rr (18)
RE, |27 25| € g

4. The action and system trajectories in the configuration space

The EHJ equation for the action S can be obtained by substituting the functional
derivatives

oS oS oS Q0
o, =22 p=tX
o F SR Y s ¢

into relation (11). However, instead of solving the resulting EHJ equation, we find S

sz

using the presented derivatives. The last equation for F, gives
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S[&.R. M. 0:r)=5, 6.k, 5]+ [L gar (19)

where S0 is a functional that does not depend on ¢, while

5S S
p=22,  p=S0
5 SR

The momentum P§ (17) does not involve ¢ derivatives; therefore, the equation
P, =065,/ can be directly integrated [8] to yield
So[f,R;M,Q;r]:IdrIP§d§+G[R;M,Q;r]:

=§Idr(a/§RFw, —%RRJ 1n§11::i—\/_ V:i;i} +G[R;M ,Q;r].

Here G[R;M,Q;r]| is a functional, which is independent of ¢& Taking into account (18),

(20)

from (20) we obtain
oS, o
B=—t=FK+_—G[RM.Qr]. 21)
OR OR
It follows that the integrability condition is satisfied if G[R;M , 0, r] ZG[M ,Q;r] is a

functional, which is independent of the variable R. As a result, we come to the action
functional

RR, +./ERF, 0
—r N2\ (Zgdr+ [gdr (22
RR, — JERT IC¢ Ig (22)

ot

5[§,Rs¢;M,Q;r]=%Id{«/§RFM —%RR’, In

in the CS, as a solution of the EHJ equation. Here g =g (M ,Q;r) is an arbitrary function

of M, Q, and r. The motion trajectories follow from the equations

IS o 9IS _y,
om o0
which give as a result
G f(r)o
=R F-—= =g+ LX
g [62 2=k (23)
26m  kQ’ dg (m,0;7) d(m,Q;r)
F=-l+—"-—-———, = = ==/
" ¢*R  ¢'R? f com h==c 200 (24)

The obtained relations determine the dependence of the dynamic variables & and ¢
on the coordinate r, the variable R(r) and its derivative with respect to r. For this solution,
the metric (2) on M* takes the form

dszz[f (r)F—%] (nde)Q—[f (V)F—Ij;'](dr+N"dx0)2—R2d0'2, (25)

2
C
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9 r-.2 0
A—E(,dT _(’E(T,de +TJ_dr). (26)

We determined f(r)zczrr, while 7, is found from the integrability of the

formdT =T,dx" +T dr . The function n follows from the time recovery procedure.

5. Configuration space metric
It is obvious from the Lagrangian (4) that

A = —12 +U =0,
on n
whence the relation
n=~UT

follows. Through excluding the function n from the actions (4), it can be rewritten as
follows

S :jAdzx =2j Jurd’x, Q27)

or, taking into account the formula (5), in the form

0 ’ , , . 1 ., 2
S =2[dr[dx \/U [—i({o ~N'E —2¢N7)(R,-N RV,_)+ZR (6,-0.) |- @8

We introduce the Lie differentials by the formulae:

DE=dE —N'E dx’ —2EN"dx", DR=dR—N'R,dx’, Dp=dp— dx". (29)
Then, the action S takes the form
s =2[dr[ DQ
where
DQ? =U (DQ,)’ :U(—zc—;DfDR+iD¢ZJ (30)

is the CS metric, (DQ, )2 is the minisuperspace metric, which is built on the kinetic part
of (5). Note that in the T-region, when R =cT(xO) and R, =R, =0, then U=c/2x

and both metrics coincide up to a coefficient. In the simplest case of the T-region, in the
curvatures coordinates, when all spatial derivatives disappear, we have

3
1
DO, Y =—S_dEdR +—d¢*..
(DQ,) =~——dfdR +——d¢

Then, using transformations of field variables:

2

Y
=cT—Xx—"—,

d R
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2
_<c Yy
/ Jx R’

this metric is reduced to the Lorentzian form

R=ct+x,

2 ¢’ » ¢! 2 ¢! 2 5.2 2 2
DQ?=—(DQ,) = —?d§dR+d¢ =W(—c A7’ +dx’ +dy’) (31)

6. Conclusions

The field’s configuration under consideration admits two integrals of motion: the
total mass and the charge, and therefore, the dynamical system turns out to be completely
integrable. The mass function, together with the constraints and the charge, completely
determines the expressions for the momenta in the CS in any reference frame. This allows
you to find a common action in the CS, without solving the EGJ equation. Action
derivatives with respect to parameters M and Q lead to trajectories of the system in the
CS, i.e. to the general solutions of Einstein equations in an implicit form.

We note that the minisuperspace metric, which is induced by the kinetic part of the
Lagrangian, does not coincide with the CS metric arising when the factor N is excluded
from the action. In this paper, we introduce the metric M* for which both supermetrics in
the T-region coincide up to a coefficient. This simplifies subsequent calculations. In
addition, one should take into account the fact that, when passing to the trivial foliation in
the T-region, the CS is the flat and the minisupermetric admits the motions group O(1, 2).
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