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Kinetics of electromagnetic field in noneqilibrim medium of atoms is studied on the basis of the Dicke
model. The field is described by average electric and magnetic fields and their binary correlations. The
atoms are considered in two-level approximation and assumed to be fixed in the space. States of the
medium are described by the energy density. Nonresonant atom-field interaction is accounted
phenomenologically. The theory is built on the Bogolyubov idea of the functional hypothesis that is the basis
of his method of the reduced description of nonequilibrium processes. The investigation of the system is
carried out in the framework of the Peletminsky-Yatsenko model. Atom-field interaction is assumed to be
small and is taken into account up to the second contributions in the interaction included. Average electric
and magnetic fields satisfy the Maxwell equations. Material equations for them express average current and
charge densities through the average field. Evolution equations for the binary correlation of the field are
constructed. Material equations for these equations express correlations field-current trough correlations
field-field. The time equation for energy density of the medium is obtained. Density evolution is governed
by the average field and field correlations. All material coefficients of the system are found.
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1. Introduction

Electromagnetic field kinetics is studied in the medium of atoms on the basis of the
Dicke model [1] (see also [2]). Nonequilibrium states of the system are investigated by the
Bogolyubov method of the reduced description based on his idea of the functional hypothesis
[3] (see a review of the method in [4]). The field-atoms interaction is assumed to be small.
Average magnetic, transversal electric fields, their binary correlations, and energy of the
medium density are chosen as reduced description parameters. Using correlations as such
parameters is necessary because statistical operator of the field described only by average
quantities does not exist. Atoms of the medium are assumed to be two-level ones, non-
moving and arbitrarily located in the space. The listed above reduced description parameters
allows investigating nonequilibrium states of the system in the framework of the
Peletminsky—Yatsenko model [4] that simplifies our consideration.

The sketch of such a theory is presented in the conference paper [5]. The detailed
analysis of the theory basics and discussion of material equations for the Maxwell equations
with step by step calculations is given in [6].

The article has the following structure. Section 2 discusses the basic equations of the
theory and material equations to the Maxwell equations with some substantial remarks to our
paper [6]. The equation of the medium dynamics in the electromagnetic field is obtained in
the Section 3. Section 4 is devoted to dynamics of binary correlations of the electromagnetic
field in the nonequilibrium atomic medium and material equations to evolution equations for
the correlations. Some useful relations are given in the Appendix.

2. Basic equations of the theory and material equations for the Maxwell equations

The kinetics of the electromagnetic field in the medium of atoms, which are considered
in two-level approximation, is investigated. Atoms are fixed in space and arbitrarily
distributed with the density n(x). Basic equations of the theory are presented in our paper

[6]. Here additional details that simplify the consideration are given.

17



S.F. Lyagushyn, A.l. Sokolovsky, S.A. Sokolovsky

In the excited state, atoms of the medium have energy h® and an electric dipole
moment d,. In the generalized quasispin Dike model the Hamilton operator of the
system can be written in the form [1]

A=f+h,. A=8,+0, B =hocc,. H, =Y 7.
k,ou 1<asN

)

ax— an

H =—[aE (0P (), P(0)=) 2%d,5x-x,)

(see discussion in the paper [2]). Here H . is the Hamiltonian of the free electromagnetic
field (@, =ck), 7,

atom. The vectors d_, of different atoms differ only in their orientation (d,d,, =d”),

an”" an

and d_, are the quasispin operator and the dipole moment of the a-th

n

which is described by the distribution functionw, . P (x) is the operator of electric dipole
moment density of the system (in other word, polarization) [2]. The interaction of atoms
and the field is described by the operator H , with the transverse electric field £ (x) (the
dipole-dipole interaction of atoms is neglected). Here and further periodic boundary
conditions and other standard notations of quantum electrodynamics are used (see, for
example, [4] and (A.1), (A.2) in the Appendix). The interaction of atoms and field is
weak that allows considering the dipole moment d of an atom as a formal small
parameter.

The nonequilibrium states of the field will be described by parameters 77,: CH,
(Cu.cu’) where QH are average transverse electric E) (x) and magnetic B, (x) fields and

their binary correlations (Cu, Cu,) . Here and below the following compact notations

(=0, (0. (,0=E . §,®=B,), § =Sppl,:

éu =éin('x)’ éln(x):E;(x)’ iZn(x):én(x); (2)
Yo=Y fdv =t z...:uz...
u in vy s "

are used (the corresponding operators I;“;(x) and l§n(x) are given in (A.3), (A.4)).
Further the average value a of a quantity is denoted by the same letter as its operatora .

The general definition of the binary correlation function of operators a and b is
given by the formula with the statistical operator p of the system and their

anticommutator
(a,b)=Spp{a,b}/ 2—SppaSppb. 3)

Note, the necessity of taking into account at least binary correlations of the field in
describing its state is related to the nonexistence of a statistical operator that describes the
field only by its average quantities E, (x), B,(x).

The state of the medium in this paper is described by the average density €(x) of its
energy
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e(x)=Sppé(x).  &x)=) hor 8(x—x,) @

and assumed to be a local equilibrium one.
Thus, the values 77, and €(x) are the reduced description parameters for states of

the system. Statistical operator at the reduced description p(n,€) is a functional of

variables m,: §,, (§,,{,) and €(x). The state is observed at times ¢ >>1, where some

time T, depends on the initial state of the system. For the statistical operator p(n,€)
formulas

Spp(m.e)E=e.  Spp(m.ef, =", ®)
are exact.
When constructing system evolution equations, it is convenient to use the operator

form of the evolution equations a = i[I:I ,al/ h . Really, for an arbitrary operator a the
quantum Liouville equation for a statistical operator p(¢) gives an evolution equation

d,Spp(t)da=Spp(r)a. (6)

Here ¢ is the velocity change operator for the quantity described with an operator 4
(sometimes it is convenient to apply the notation a = ar& , although all operators in this

paper are taken in the Schrodinger picture). Maxwell’s equations and evolution equation
for the medium energy density in the operator form take the expected view

~
A 2

B,=—crot,E, E,=crot,B—4nl,, divB=0, divE=4np; é=1E . (T)
Here the operators of the complete electric field En , densities of current fn and charge p
of the system are defined by the formulas

~
~ 0

E =E -4nP, I,=P, p=-divP, I =-Y 20d,F 8x-x,). (8)

n n n? n

Relations (7) can easily be proved taking into account formulas (A.3), (A.4) from the
Appendix. The second formula in (8) is natural because atoms of the medium do not
move and have no magnetic dipole moment. The first formula in (8) for the operator of

the total electric field E, leads to first two Maxwell equations in (7).

In our paper [6] it is shown that nonequilibrium states of the considered system can
be described by the reduced description parameters 1, and€ in the framework of the

Peletminsky—Yatsenko model [4]. In this model, the statistical operator p(m,€) is

calculated in perturbation theory in interaction 1':11 from an integral equation obtained for
the considered problem in [4]. Statistical operator of the system p(n,€) has the structure

pm.e)=p”+p"+0w*), p”=p,M,e) ©)

(a" is the contribution of the order d* to the value a ). The statistical operator p ,(M,€)

is called the quasi-equilibrium one and according to the Peletminsky—Yatsenko model,
looks like [6]
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p,(M&)=p; (NP, (&), p,E)=w(&)ww,;
p (M) =exp{QM)-D>_Z,(A,}, Sp,p, (M) =1, Sp,p,(MA, =",;

w,(€) =exp{P(e) - Ide(x,E)é(x)} ,  Sp,w.(e)=1, Sp, w,(e)&(x) =¢€(x);

(10)
oc(an) T
W@ =———2— (a<<@), [dow,(@)=1; Sp,w,=1;
(-, +o 0
Sp...=Sp; Sp,, > SPy - =SSP SP, SPy -+ -

Here p;(m) is a quasi-equilibrium statistical operator of the electromagnetic field. The

operator 1|, in p;(n) includes field operators EZ, I@n and all their anticommutators (the
last term in (3) is numerical and corrects only (1) ). Therefore, in the exponent p, (1)

there is a quadratic form of Bose operators of the field, which ensures the existence of
traces with it. The operator w,(g) is a locally equilibrium statistical operator of the

medium and therefore T(x,e)=Z(x,e)” is the inverse temperature of the medium.
Traces with the operator w,(£) are taken in the quasispin space (see (A.7), (A.8) in the
Appendix). Here additional to [6] function w, is added to p,(€) in order to take into

account nonresonant interaction of the atoms with the electromagnetic field
phenomenologically (o is the width of the energy level of an atom with energy hw,;

lir% wo =8(0—0,) ). Value w, is the distribution of the orientations of the dipoles of the
o>
atoms of the medium. Hereafter (as in [6]), for simplicity it is assumed that the

distribution of dipole moments of atoms is isotropic one and there are no correlations
between them. The last is natural, because here atom-atom interaction is neglected.

In the paper [6], it is shown that the first order contribution to the statistical operator
p(e,m) is given by

p" = —% T drfdx| pp,,. L (x, B, (x,D) | (1)

where operators in the Dirac picture

i i A i A i A

a —TH; . —TH, A —TH,, . -—TH,,

Exn=eh Eeh ', Po=el "P(xe (12)
are taken.

As a result, average values of polarization
P (x)= j dx’[k(x— X, e()E (X)) +cA(x— X, (x)Z, (x’)] +0(d%),
\4
4d> 1 2nd> w () (13
x(k,e)=—€——— (o0 —0), AMk,g)=——g—0kZ.
(k8 30 o) — o] (k8 3 o;

Z =rot B
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and current density
1,(x) = [ x| 0 (x— ¥, &(0)) E, () + c&(x = X, (x)Z,(x) |+ O(d*) ,
' (14)
o(k,e)=-AMk,e)w;,  E(k,e)=xK(k,€)
are obtained. Quantities x(k,€), A(k,€), o(k,€), and E(k,€) are the Fourier transforms

of the functions x(x,€), A(x,€), o(x,€), and &(x,€) defined according to (A.5)) in the

Appendix. Additional to [6], here the nonresonant interaction of the atoms and
electromagnetic field is accounted phenomenologically. Relations (13) and (14) are
material equations to the Maxwell equations. The material coefficient k(k,€) in (13) has

the sense of dielectric susceptibility. In our terms the coefficient A(k,€) describes the
effects of the frequency dispersion because according to (7) and (8) Z, =c'0,E!. The
material coefficients o(k,e)and &(k,e) in (14) have the sense of conductivity and
magnetic susceptibility. From the other side, in our terms the material coefficient (k,€)

describes the effects of the frequency dispersion.
Expressions (13) and (14) can be written with the same accuracy in the form with
the total electric field E (x) because material coefficients «(k,€), A(k,€), o(k,€),

&(k,€) ~d” and according to (8) E. =E,+47P,=E,+0(d").

3. Medium dynamics in the electromagnetic field

The material equations (13) and (14) include the energy density of the medium € as
a reduced description parameter. Here the evolution equation for this quantity is obtained.
According to (6), (7), and (11) the expressions

9,£(x) =SppM,e)], () E! (x),

. 0
Spp"I,(x)E!(x) = —% j dt j dx'Sp; . E/ (X', D EL(X)Sp,, Pl B (X', 7), 1, (X)] s

. 0
—é [ dax[dx'sp, p,IE] (', ), E;(0)1Sp,, P, ], () B (', 1) = L (1) + L) (x)

are true (in [6] it is shown that Spp®I (x)E'(x)=0). In (15), averaging with p_ in

Lﬁz)(x) gives for the isotropic distribution of dipole moments of atoms

4d e(x)d(x—x")d

S P(x'\0),1 =—i
pm pm[ l(x ) n(x)] 1 3h nl

400
Idmwa(oa) COSMT. (16)
0
Average with p; in L(lz)(x) is transformed consistently as

ot/ [t 1 i X [t 5 —1 . [t
Sp; P E; (X,T)En(x)zﬁze(kﬁk 'Sp; p; (Epy cos @ T+ 2, 000 sin DE,, = (17)

kK
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- % > By Bl )+ EjEL, Jcoso T+
kK
+ ([ Z.E )+Z,E, ] +2mihc(k,k, —k*8,)8, _, )cm;} sin@, T} .

According to relations (10), this formula includes average fields and binary correlations
and formulas of the type

" t t 1 [t ot t t
E, =Sp; p;E,, (Eys E) =Sp; pe [E{Eyc” E g —EpE, j (18)

taken with the statistical operator p; are exact. The transition from the first expression in
(17) to the second one is made using identities

JES PP, L .~ 5 ot . ot ot
ab=—{aby+-1ab), (2B =2mihek b ~k8,)8 . B, E1=0  (19)

(see also (A.6) in the Appendix). Taking into account (16) and (17) with (15) leads to the

expression for Lﬁz) (x)

2 0 +oo

4d I O itk
lﬁ”(x)z—g L dr { d(zwa(w)?%:e CHON (Bl By )+ By By Jcos T+

(20)
+ [(an,, E)+Z  E., ] coy Sin @, T—93, _, 4miho, sin (x)k‘c} €(x)cos OT.
Calculating L}’ (x) for the isotropic distribution of atom dipoles gives
Sp; p;LE! (¥, 1), E! (x)] = 4nihé;e”‘”_"') (k,k, —k*3,)w, sinw, T,
Sp,, p,.1,(X)P(x,7) = 4212 8(x—x)8, > 8(x—x,)x Q1)

+oo
XI dow, (0)Sp, w, {—fujuy COsWT+ 72 @sin (M} .
0

The Pauli matrixes representation method (see about it in (A.8) from the Appendix)
allows easily proving formulas

(22)

r'ay s

A=

A i A .
Sp, Wi, T, =—§Spr wih,.,  Sp,wri=
which give

2 +oo
P Prul, (VB (X, D) =%6(x—x’)8n, [ dow, (@[ 2ie(x)cost+on(x)sinar],  (23)
0
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n(x) EZS(x—xa) .

Here n(x) is atom concentration (the density of the number of atoms), €(x) is their

energy density given by (4). According to (21), (23), and (15), quantity L}’ (x) takes the
form

20 +oo
12 (x)= —% j dt j dow, ((x))é Z2nhmk [ime(x) cos T+ hmn(x)sin@T|sin®.T.  (24)
Sy 0 k

The integrals over T in (20) and (24) should be taken in the class of generalized
functions after thermodynamic limit transition in these expressions by the usual rule

TL V 3
Z...:(M)3 jd k... (25)

k

Similarly to calculations conducted in [6], formulas

0 0
. . T T
dTsin®, Tsin T =—8(0—®, ), dTcosm,TcosMT=—0(0—w,),
k 2 k k 2 k
0 (26)
. o,
Idrs1nmkrcos®T=P — -
e " — o,

for w,@, >0 are true. Taking into account expressions (13) and (14) for material
coefficients 6(k,e) and &(k,€) gives

n N 1 i " ’
Sppf (VE! (x) = er O M1 By B + E Bl [o(K &(x) +
kk

4nd’ 7

3

+[(z,k,, E\)+Z,E, ] cg(k,s(x))} n(x) j dow, (®) (ozéz&‘)((o— ®,).

Here the last sum in the thermodynamic limit according to (25) equals

2
O

éZS(w—mk)zm. (28)

Finally, taking into account the expression (14) for the average current, from (27) we
obtain the expression for the right-hand side of the time equation for the medium energy
density

2d*w,

Spp" 1, (0 Ej (x) = (1P (x), EL(x) + I () EL (x) — =
C

n(x) (at u—0). (29)

Note, that in fact here (122) (x), E}(x)) is the correlation function of quantities 13“,’1 (x) and
200 = [ d¥'| o0x— ¥, Ey () + & (x =X, e())Z, () | (30)
\4

The last contribution to formula (29) describes the decrease of the medium energy due to
dipole radiation. The first and second terms in expression (29) look natural, but the
presence of the last term is somewhat unexpected, although physically clear.
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Formulas (6), (7) and (29) give the evolution equation for the energy density of the
medium. According to the remark after formula (14), with the same accuracy this
evolution equation can be written with the total current /,(x) and the total electric field

E,(x)

d o

3
C

2 4
0

d.e(x)=(,(x),E (x))+1 (x)E, (x)— 2

n(x) (ou—0). (31
Thus, the medium evolution is affected by average electric and magnetic fields and their
binary correlations.

4. Dynamics of the binary correlations of the electromagnetic field
in nonequilibrium atom medium

Let us formulate an equation for field correlation dynamics in the terms of
correlations of magnetic field B,(x) and complete electric field E,(x). Operator

Maxwell equations (5) can be written in a compact form
él = izclzéz —4m (32)
where ’
&=6.. &W=E®. & w=8w:

A

I=I,x, [,0=0, L,w=Ix;: (33)

&=8,. 1=, Y.=Y. Y.=Y[a.
s W u in

(elements of matrix ¢,, are kernels of the type rot 8(x—x") of an integral operator in
12 yp n g p

(32)). Analogously to evolution equations for correlations (CH,CH,) of the fields C-'u’ ie.

Efl , B, , obtained in [6], the corresponding equations for correlations (ﬁu,ﬁu/) have the

form
at (&1 ’ &2) = izcl 1’(&1’3 &2) +izc22’(§1 ’ &2’) - 47[:(11 ’ &2) - 475(&1 ’ 12) . (34)
I 2
In the less compact notations these equation can be written as

d,(B'B")=—crot,(E*B)—crot)(B'E"),
d,(B'E')=—crot, (E*E" ) +crot|(B'B*) - 4n(B'I}") , (35)

0, (EXE")=crot, (B*E" )+ crot|(EB* ) — 4n(I'Ef ) — 4T(E 1))

(hereafter for simplicity (E, (x),B,(x")) = (E,‘fB,"’) and so on).
In order to find the material equations for evolution equations (34), (35) one has to
calculate nonequilibrium correlation functions (BX1;"), (EXI;") and express them through

the fields &u and their correlations (ﬁu,ﬁu/) . The necessary calculations are very close to
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ones conducted in the previous section where x"=x and [ =n . The correlations are found
in the main (second) approximation in the field-medium interaction (formally speaking,
in dipole moment of an atomd ). Therefore, it is enough to consider the correlation
function

(ES 1) =SppM. &) E; (0], (¥) = E{ (D), (X). (36)
Following the previous section, we obtain
BTV =0, (ET)Y =ETOP +ED,
(EFIH)® = j dow W) Ze’kx {(E (x)E,k) T S0+
1
+(E! (x)Z,,)cP e(x)+
(E,(0)Zy) mz—oof} (x)
8md* T 1 . o; (37)
+i dow, (0)— & eg(x 3, P—*k
0 oc( Vzk: ) [ ('02_0)/%

. 8md* T 1 .
EFTHY =—"— | dow, (0)— > e 8§ x
( n 'l )2 3h d (x( )V; nl

1 T .,
W‘l‘zn(x )h(DS(CO— , )}

Y%k

x{ie(x’)cokP

(two contributions are chosen as in (15); 8!, =8, —k,k, / k*). Analogously to (27) these
formulas give

oy 1 ikx” ot ’
(E 1)@ :er “{(EFE))o(k,e(x) +
k

+H(ELZ,)cE(k e(X))+S(x =X n(x)) . (38)
S(x,n) z—¥n$;e"’“5’n,wa(mk)m§ )

Taking into account the expression (14) for an average current, from (38) after

thermodynamic limit transition we obtain the final expression for (E*I)®

(ET) =BT+, (= n(x))
2d2 (39)
Sy Com) ==n- jdk kg (—0)

The first term in (39) looks natural, but the presence of the last term S, (x—x,n(x")) is
somewhat unexpected.
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To calculate the correlation function (B 1 ;‘,) , one needs nearly the same. Following
again the previous section, we obtain

(B,1)" =0, B =B + B,
o __4d’7f i\ T
(BIf ) E dcow (m) Zze (Bn(x)Elk)ES(m_mk)"'
1
+(B,(x)Z; ) P—— r&(x) -
o — o}
87 d2 N ik (x—x 40
B 3; ((!))_Z € e )S(x )enls s 6((0_ ('ok) ’ ( )
0
: 8med® ¢ 1 ,
Bxlx (2) — wo(®)— elk(x—x) k %
( n+l )2 3h _([ (x( )Vzk: nlm m
W ie () E (00—, + L) P—2
2 “2 o -}
(two contributions are chosen as in (15)). Analogously to (38) these formulas give
xyx 1 ikx’ X ot ’
(BI)? =— > e {(BIE) ok, e(x)) +
k
+(B,Z, )bk e} +T,, (x = n(x)) @D
dned® 0 7 " o
T,(x,n)= —_— 0 e""'P
w(x,n)=ne,, 3 3 m}[ w, ( ) P

Taking here into account the expression (14) for the average current, after thermodynamic
limit transition the final expression for (B*I)® is obtained:

(B 1)? = (B I®)+T,(x—x,n(x)),

o (42)
od —jd ke P— (0 0).

T,(x,n)=ne
o, — 0]

nlm6 2

The first term here looks natural, but the presence of the last term 7, (x—x",n(x)) is

somewhat unexpected.

Formulas (39), (42) give material equations to evolution equations for correlations
(36), (37) in agreement with [5].

5. Conclusions

The kinetics of electromagnetic field in the medium of two-level atoms fixed in
space is constructed. The medium is described by the average of its energy density. The
field subsystem is described by average electric and magnetic fields and their binary
field-field correlations. The corresponding evolution equations are the Maxwell ones,
equations for the correlations and the equation for energy density. Material equations to
these equations express average current and nonequilibrium current-field correlations
through the average fields and the binary field-field correlations. The evolution equations
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are constructed with the accuracy up to the second order in the field-medium interaction
included.

In the considered approximation the obtained material equations to equations for
correlations do not contain average fields. The material equations to the Maxwell
equations do not contain field-field correlations. However, the mentioned material
equations depend on the energy density of the medium. According to evolution equation
for the energy density it is changed under influence both of the average fields and the
field-field correlations. So, in the case of nonequilibrium medium, the evolution of the
field and its correlations are connected.
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Appendix
Operators of physical quantities of electromagnetic field kinetics

Here additional information is given to perform the necessary in the paper
calculations.

The vector potential operator of the electromagnetic field in the standard notations
of quantum electrodynamics (see, for example, [4]) is given by the formula

1/2
Ax)=c) ( 2“3 J e (k) (Cyy +ci et (A.1)

k.o k

The circular polarization vectors e,, (k) have simple properties
(k) =€, (=k), ¢, (k, =0, D e, (Ke, (k) =8,—kk k.

(A.2)
The transverse electric field operator is expressed by the formula
., i~ ) 2nho, " + ikx
E!(x)= —E[Hr LA (0]=0)] v Con (k)(Cop — i e (A.3)
k,o

with the free field Hamilton operator H ¢ from (1). The magnetic field operator looks as
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2nh,

1/2
B, (x)=rot, A(x) = iZ( j [k,e, (K], (Co — i )e™ (A4)

In the paper the periodic boundary conditions and the following Fourier transform
definition are used

1 ikx —ikx
f(x) :V E fe k s f, Ejdxf(x)e ke (A.5)
k v

Commutators of field operators are given by formulas

LE00.E(1=0, 1B, (2 B/ (] = 4mince,, 252 18,0610,
X
. " A (A.6)
[Z,(x),El (x))] = 4mihc (Sn,A - J S(x—x) (Z,(x)=rot,B(x)).
0x,0x,

The operator of the electric dipole moment density (polarization) él(x) for the
system under consideration is defined in (1). It is expressed via quasispin operators 7,
that satisfy commutation relations for spin 1/2

[;;ln 4 ;}7[] = i5abenlm;;1m (A7)
(angular moment operator is h7 ). In the quasispin space of a-th particle it is convenient
to use a basis |o,) defined by the formulas

f.loy=0,l0,) (o0,=%1/2), #lo,)=(01/2+Dl/2lc,),
(0,10,)=38, .. (A.8)

The matrices 2(c, |7, 10’) coincide with the Pauli ones. It is convenient to calculate the
traces of the product of several quasispin operators 7, in the quasispin space in the
representation of operators 7, by Pauli matrices.

The material equations of the theory can be written in several forms according to the
identities of the type

1 , .
f,= VZ k(k,kOE .,  w(k,k,€)=g A
-

. (A.9)
f (x)= &Ze"“‘K(k,e(x))Enk = j dx'w(x—x,e(X)E,(x),  w(k,e)=gy,
k v

where €, and «(k,€) are the Fourier transforms of functions €(x) and (x,€) defined
according to (A.5).
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