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The supercritical transitions are widely occurring. They include the supercritical transitions in the 

liquid-vapor system, ferromagnetic transitions, transitions in polymers, many transitions in liquid crystals, 

and some structural transitions. In the paper it is emphasized that the nature of the critical and 

supercritical transitions is the same – these are continuous fluctuation transitions. Above the critical 

temperature the system passes through a region of lowered stability, which leads to increase of fluctuations 

of energy and external parameters of the system. From the point of view of thermodynamic stability this 

indicates the existence of a continuous supercritical transition between supercritical mesophases. Knowing 

the basic stability characteristics of a system, we derive the equation of these mesophase transitions. 

Depending on a thermal equation type, we can get one or several such equations, which may not coincide. 

This approves the fact that a supercritical transition occurs in a certain interval of thermodynamic forces. 

In the paper the relations between the critical exponents of thermodynamic parameters of the system 

are obtained and the conditions of continuous conjugation of the lowered stability line to subcritical 

coexistence line are investigated. The results are applied to the Curie–Weiss and van der Waals models: we 

obtain the quasi-spinodal equation for these systems and analyze the critical and supercritical behavior of 

the stability characteristics.  

Keywords: critical exponents, coexistence curve, critical slope, thermodynamic stability, critical state, 

supercritical phase transitions. 
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1. Introduction 

Above the critical point, the coefficients of stability and the determinants of stability are 

known to pass through continuous minima, the depth of which decreases with a distance from 

the critical point. It obviously means that in the supercritical region the fluctuations do not 

decay and decrease apart the critical point. This fact testifies that the supercritical region 

becomes microheterogeneous within an interval of thermodynamic forces, which indicates 

that properties of the subcritical phases are retained above the critical point. Analyzing the 

experimental data from the point of view of thermodynamic stability leads to the conclusion 

[1] that there is a continuous supercritical transition between the supercritical quasi-phases. It 

is a passing of the system through the region of the lowered stability that corresponds to the 

growth of fluctuations. The continuous character of the transition is due to the fact that it 

occurs outside the region of instability. 

The curves of the lowered stability may not coincide for different coefficients of 

stability. This is a confirmation of the fact that the supercritical transition takes place within a 

certain range of thermodynamic forces. Conditionally, transition temperature is a temperature 

corresponding to the minimum of the determinant of stability, because D describes best the 

stability of a system. 

This study flows organically from the paper [2]. We examine the features of 

supercritical and critical transitions in liquid and magnetic systems and apply the findings to 

so-called “classical models” of the phase transitions, namely, to the van der Waals and Curie–

Weiss models. Such choice is dictated by the fact, that their thermodynamic properties are 

known in details to compare them with our results. Besides, the “mean field” models 

(including the van der Waals model) are still widely used for comparative qualitative analysis 

and modeling the behavior of real physical systems, such as alloys and melts [3] and, what is 

more, the nuclear matter [4–6]. 
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2. The quasi-spinodal equation and relationship between the critical exponents 

To fix the idea, let us consider a one-component TVP −−  system, the number of 

particles is constant const=N . In the paper [2] from the quasi-thermodynamic theory of 

fluctuations we obtained  
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for the lowered stability curve, and that from the thermodynamic stability theory follows 
.0=dD  

In general, we consider the determinant of stability as a function of entropy and 

volume. So, we have 
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But, in practice, when we are working out the problem based on the thermal state 

equation, which includes the observables, we often obtain D  in terms of volume and 

temperature. Thus, we have to rewrite (2) in terms of TV , : 
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As ( ) 0≥∂∂
V

ST  according to the requirements of thermodynamic stability, 

( ) 0=∂∂
V

ST  at the critical point only, and ( ) 0const ≠=∂∂
V

TP , then we have a set of 

equations: 
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To calculate the determinant of stability we can use the definition of the determinant of 

stability [7] and the derived relations [8-9]: 
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For simplicity we take the first term of (4): ( ) ( ) ( ) VTTV
CVPTVPSTD /∂∂−=∂∂−∂∂= . 

We find its derivatives as  
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In general case, considering ),( VTСС VV = , we get  
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(5) 

For systems, which thermal equation is linear in temperature, heat capacity is id= VV СС  

where id
VС  is the heat capacity of an ideal gas. Therefore, for such a system we obtain 

( ) 0≡∂∂
V

TD  and ( ) ( )
TT

VPVD 22 ∂∂−=∂∂ , which is the result of quasi-

thermodynamic fluctuation consideration of supercritical transitions [2]. And the curve of 

lowered stability of the D  coincides with that for isodynamic mechanical coefficient of 

stability ( )
T

VP ∂∂− . For a generalized system with ),( VTСС VV =  there is a shift in the 

equations for D  (5) and thus we have to consider the lowered stability just for D  to 

obtain the equation of the quasispinodal. 

The same can be derived for the rest isodynamic and adiabatic characteristics of 

stability and another definition of D  (4). 

Let us consider the subcritical region. For the linear phase thansition, i.e. the first 

kind phase transitions, which equilibrium curve is the line, the eqiation of the coexistense 

line is  
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If we evaluate the numerator and the denominator, we can write 
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that is, the numerator and the denominator have to be of the same pattern of change:  
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(6) 

Let us approach the critical point along the equilibrium line in temperature and 

introduce for its small neighborhood the critical exponents according to their common 

definition [10] 
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where PC , TK , pB  are isobaric heat capacity, compressibility coefficient and thermal 

expansivity, correspondingly; ( ) ccτ TTT −=  is a relative divergence of the temperature 

from its critical value; μ  is the critical exponent for thermal expansivity (can be used 

instead of critical exponent of the coexistence curve β  in the supercritical region). That is 

we deal with the critical exponents for the isodynamic quantities. 

Applying (7) to (6), we get 
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For the first kind linear phase transitions it can be expected that the coexistence line 

continuously run into the lowered stability line (the line supercritical transitions) if the 

slope of the equilibrium line is the same as the slope of the continuous transition line 

(such result was obtained in [11] for the ferroelectric Lieb model). Then, in a small 

neighborhood of such a critical point, the relation (8) must be fulfilled along the 

equilibrium line, and as a result of the continuity of the passing of the equilibrium line 

into the supercritical transitions line, a symmetry between the critical exponents should 

be observed. Thus, along the lowered stability line the relation should hold: 

.μ=γ=α

 

(9) 

It is worth to be noted that this finding are true when the crical slope of the phase 

equilibrium curve is constant, but non-zero. When 0c =∆∆= VSK , we have 'μ'γ ≥ , 

'α'γ ≥ , 'α'μ ≥  and in supercritical region μγ ≥ , αγ ≥ , αμ ≥ . We have such a case for 

the Lieb model [11] and for the Curie–Weiss model when the line of phase coexistence is 

0=H  (Curie–Weiss) or 0=E  (Lieb). Here H , E  are strengths of magnetic and 

electric fields, respectively.  

If we introduce the critical exponents for the adiabatic quantities ( )
V

ST ∂∂ , 

( )
s

VP ∂∂− , ( )
S

VT ∂∂  and denote them as 1α , 1γ , 1μ , we obtain the same relationships 

for the critical exponents as in the case of isodynamical quantities: 111 μ=γ=α  for 

},0{constc ∞≠=K  and 11 μγ ≥ , 11 αγ ≥ , 11 αμ ≥  for 0c =K . 

3. Application to classical models 

The Curie–Weiss equation for ferromagnetism of electron gas [12] can be written as 
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where M  is a magnetization, λ  is Weiss coefficient, B0 μNM =  ( Bμ  is Bohr magneton), 

k  is Boltzmann constant. We can find all the set of thermodynamic characteristics: 
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According to the thermodynamic classification of the types of critical behavior of 

thermodynamic systems, this correspond to the second type of critical behavior with 

const/ =MCT , const/ =HCT , 0c =K , ( )TMH ∂∂ /  and ( )SMH ∂∂ /  becoming zero at 

the critical point. This type of critical behavior is fraught with the moderate energy 
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flectuations and very high level of magnetic susceptibility fluctuations. The critical 

exponents of the model take the classical values 0'αα == , 1/2β = , 1'γγ == . And we 

can see that inequalities 'α'γ > , αγ >  are fulfilled as the strict ones.  

The thermal equation of state for the model is linear in temperature. So, according to 

the previous general consideration, the line of supercritical transition for the isodynamic 

magnetic coefficient of stability ( )TMH ∂∂ /  and for the deperminant of stability 

coincides and is determined as ( ) 0/ 22 =∂∂ TMH . This gives us the solution 0=H . 

Thus, for the Curie–Weiss model the supercritical transition line passes into the 

subcritical coexistense line (binodal, which is also the spinodal for this model) in a 

continuous manner. Such a conjugation at the critical point was proved to observed in the 

six-vertex Lieb model [11]. 

The van der Waals state equation [3] is ,
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volume of molecule, a  is an interaction constant. The obtained thermodynamic quantities 
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At the critical point all adiabatic quantities are non-zero constant, and all isodynamic 

values approaches zero in the same manner. So, 111 μ=γ=α =1.  

 

Fig. 1. The isotherms of relative mechanical stability coefficient (–·–·– – T/Tc=0.95, …….  – T/Tc=1.0, 

- - - - – T/Tc=1.05, black solid curve – T/Tc=1.15) and quasispinodal (gray bold curve) for the van der 

Waals model. 
 

This correspond to the first type of critical behavior [7] with small fluctuations of energy 
and compressibility. 
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The equation of the supercritical transition according to our consideration is 

( )
T

VP 22 ∂∂− . And this gives us the following expression: ( ) 43
3 kVbNVaNT −= . It is 

shown as a gray line in Fig. 1, where results are plotted in relative values c/ PP , c/VV , 

c/TT , and cP , cV , cT  are critical parameters for the van der Waals model:  

)27/( 2
c baP = , bNV 3c = , )27/(8c bkaT = . 

4. Conclusions 

In this paper we consider the breakdown of thermodynamic stability of a simple 

one-component system in the supercritical region. We examine the methods for obtaining 
the lowered stability curve equation and ascertain when they are interchangeable. Thus, it 

is possible when we consider a system with a thermal state equation linear in temperature. 

Then the curve of the continuous transitions for the coefficients of stability and that for 
the determinant of stability coincides. We obtain the relationship between the critical 

exponents of the main thermodynamic characteristics and establish the condition when 

the supercritical transitions line continuously conjugates to binodal at the critical point. 

The obtained results were applied to the classical models of liquid and magnetic systems: 

the Curie–Weiss and the van der Waals ones.  
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