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The hydrodynamic states of polar semiconductors are investigated. Such states are described by the 

temperature, mass velocity, and density of the number of particles of the electron subsystem, which is 

considered as rarefied one. The phonon subsystem of a semiconductor is considered to be equilibrium. The 

electron-phonon interaction in the system is described by the Fröhlich Hamiltonian. The theory is based on 

Bogolyubov’s linear kinetic equation for the electron distribution function in the presence of a weak electric 

field. The reduced description of the system is investigated by the generalized Chapman–Enskog method, 

which leads to a nonlinear equation for the electron distribution function in the reduced description. The 

zone structure of the system is neglected, focusing on the study of fundamental issues of relaxation of 

temperature and velocity. Gradients of hydrodynamic parameters are considered small; the same small 

parameters determine the smallness of the electric field. In the basic order of the perturbation theory, the 

distribution function of the system satisfies a nonlinear equation. The method of spectral theory of the 

collision integral operator shows that the study of the basic approximation is reduced to an analysis of a 

first-order quasilinear equation, which, in particular, has a solution that we found earlier.  
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1. Introduction 

This work is devoted to the study of the influence of relaxation processes on 

hydrodynamic processes, which is an actual modern problem [1]. The problem is discussed in 

the framework of the theory of hydrodynamic states of the electron subsystem of polar 

semiconductors. It is assumed that the electron subsystem forms a rarefied gas, and the 

phonon subsystem is at rest and in equilibrium with temperature 0T . The paper investigates 

the fundamental issues of semiconductor kinetics and therefore neglects the crystal (band) 

structure of the system. In equilibrium, the state of such a system is spatially homogeneous 

and the electron energy is considered equal to 
2 / 2p p m = . Under such assumptions, 

Bogolyubov derived a linear kinetic equation for the electron-phonon system [2], which is the 

basis of this work. The same simplification is used in the monograph [3], which examines the 

theory of polarons. 

We consider the hydrodynamic states of the electronic subsystem of a semiconductor, 

which are described by the energy density ( , )x t , the momentum density ( , )l x t , and the 

number of electrons ( , )n x t  (or the density of their mass ( , ) ( , )x t mn x t = ). The velocity of 

the electron subsystem ( , )lu x t  and its temperature ( , )T x t  are defined by formulas 

( , ) ( , ) ( , )l lx t x t u x t =  ,        23 1
( , ) ( , ) ( , ) ( , ) ( , )

2 2
x t n x t T x t mn x t u x t = + . (1) 

The first formula is not objectionable and is the velocity of the center of mass of the 

liquid element, as seen from the formula 
3 3( , ) ( , ) ( , )l lx t d x x t d xu x t =  . The second formula 

is a consequence of the assumption of the  local  equilibrium,  according to which the electron  
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distribution function in main approximation (0)f p  (in the spatially homogeneous state) 

coincides with the Maxwell distribution ( )p muw T− , where 

/

3/2
( )

(2 )

p T

p

n
w T e

mT

−
=


. (2) 

This assumption cannot be true because the function ( )p muw T−  is not a solution of the 

kinetic equation we use, even in the absence of an external electric field. The equilibrium 

solution at this condition is the Maxwell distribution without velocity and with phonon 

temperature 0( )p pw T w . Therefore, the assumption of local equilibrium can be 

approximately valid only when 0( ) ( )p mu pw T w T−  , i.e. at small values of 0T T−  and lu  

(see this in [4]). This means that the definition of the temperature of the electron 

subsystem of the semiconductor (2) is somewhat conditional. At the same time, 

temperature is a measure of the energy density of electrons in the accompanying 

reference. The simple formula (1) further also takes into account that the electron 

subsystem is an ideal gas. In this work, we study the hydrodynamic processes in 

semiconductors taking into account the relaxation 0T T→ , 0lu → , which, as will be 

shown below, is observed, despite a certain conditionality of the temperature definition 

(1). These processes are somewhat complicated in the presence of an external 

homogeneous constant electric field lE , which will be considered small. 

Note that in the framework of the concept of the local equilibrium, the relaxation of 

plasma temperatures was first studied by Landau [5]. A similar study of the relaxation of 

the velocities of the plasma components was performed in [6]. 

A number of our works were aimed developing approaches to the investigation of 

the hydrodynamic processes in the presence of relaxation without the assumption of the 

local equilibrium in the system. In [4] we summarized our idea of studying relaxation 

processes near their completion with going beyond the linearization of the basic equations 

of the theory. The next step was to develop and apply the spectral theory of the collision 

integral operator. In this way, the main approximation for the electron distribution 

function of the plasma case was found in the generalized Lorentz model [7-9]. It turned 

out that these ideas can also be applied to the study of polar semiconductors in the 

presence of a weak electric field, which is why our work is devoted. 

The paper is constructed as it follows. Section 2 discusses the Bogolyubov kinetic 

equation and the spectral properties of the collision integral operator. Section 3 considers 

the basic equations of the Bogolyubov method of the reduced description for construction 

of the electron subsystem hydrodynamics that is a generalization of the Chapman–Enskog 

method. Section 4 discusses the theory of perturbations for the construction of 

hydrodynamics and derives the equations of hydrodynamics of an ideal liquid. 

2. Kinetic equation of the theory  

The work is based on a simplified model of a polar semiconductor as a system 

consisting of a nonequilibrium dilute subsystem of electrons and an equilibrium 

subsystem of non-interacting phonons with temperature 0T . The crystal (band) structure 

of the system is neglected, as it is a question of fundamental issues of taking into account 

in the theory of the transfer phenomena of relaxation processes of temperature and 

macroscopic velocities of subsystems equalization. The electron-phonon interaction is 
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taken into account in the Fröhlich model. The kinetic equation for the distribution 

function of the model f ( , )p x t  

f ( , ) f ( , )
f ( , ) (f ( , ))

p pl
t p n p p

l n

x t x tp
x t F I x t

m x p


 
 = − − +

 
,          

( n nF eE= − ,        
3 f ( , ) ( , )pd p x t n x t= ) 

(3) 

with the collision integral given by the formula 

3 2

2

1
(f ) { f (1 )f } ( )

(2 )
p p k k p k k p p k k pI d kg n n    


 − −= − + + − +  

3 2

2

1
{(1 )f f } ( )

(2 )
k k p k k p p k p kd kg n n    


+ ++ + − + −  

(4) 

was derived from the first principles by the Bogolyubov method of eliminating boson 

variables [2] (see also our work [10]). Here, 0/ 1( 1)k T

kn e
 −= −

h  is the Bose–Einstein 

distribution, k h  is phonon energy with a wave vector k , 2 / 2p p m =  is electron 

energy with momentum lp , e−  is electron charge, nE  denotes external constant 

homogeneous electric field, ( , )n x t  is electron density. In the Fröhlich model suitable for 

describing polar crystals of semiconductors, the functions k  and kg  are chosen as 

k =  ,        

1/2

0

2kg
k k

  
=  

 
        ( 1/2

0 ( / )k m   )  

where   is the Fröhlich's dimensionless small constant, 0k  is a characteristic value of the 

wave number,   is the characteristic frequency of the optical phonons (see, for example, 

[10]). The rareness of the electron subsystem leads to the linearity of the kinetic equation 

(3) and to the fact that the Maxwell distribution 0( )p pw w T  is its equilibrium solution 

( ) 0p pI w  =  in the absence of the electric field. 

The kinetic equation (3) is linear and therefore its solutions are convenient to discuss 

in the terms of the collision integral operator K  

( )p p p p pI w a w a  = − K . (5) 

This operator is symmetric and positively defined one if the scalar product is introduced 

by the formula 

( , )p p p pa b a b=                  
3

p p pa d pw a     (6) 

(see, for example, [11]; hereinafter pa , pb  are arbitrary functions). In the future, its 

eigenfunctions ipg  and eigenvalues i  will come in handy 

ip i ipg g=K ,       0i  . (7) 

The eigenfunctions of the operator K  form a complete orthonormal system and the 

solution of the kinetic equation can be sought in the form of the series  

f (1 )p p pw g= + ,         p i ip

i

g c g= ,       ( , )ip i p i iig g b = ,     0ipg  =  (8) 
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( ib  are some positive normalization constants, the last formula follows from the 

normalization condition for f p ). 

3. Construction of hydrodynamics of electron subsystem  

The equations of hydrodynamics are closed time equations for the densities of 

additive integrals of motion or their functions. In our case they are the densities of mass 

( , )x t , momentum ( , )l x t  and energy ( , )x t  

3( , ) f ( , )px t d pm x t =  ,     3( , ) f ( , )l l px t d pp x t =  ,   3( , ) f ( , )p px t d p x t =   (9) 

which describe nonequilibrium states of the system ( mn = ). The corresponding time 

equations have the form of laws of change of these quantities 

( , )( , ) n

n

x tx t

t x


= −

 
,        

(f ( , ))( , )
(f ( , )) ( , )

nl pl
l p l

n

t x tx t
R x t n x t F

t x






= − + +

 
, 

0

(f ( , ))( , ) 1
(f ( , )) ( , )

n p

p l l

n

q x tx t
R x t x t F

t x m






= − + + 

 
. 

(10) 

Here (f )nl pt  , (f )n pq   are momentum and energy flux densities, (f )l pR  , 0 (f )pR   are 

sources that describe the relaxation processes associated with the interaction of 

subsystems. These quantities are given by the formulas 

3(f ) fn
nl p l p

p
t d pp

m
 =  ,             3(f ) fn

n p p p

p
q d p

m
 =   

3
0 (f ) (f ) { , }p p p p pR d p I g =  = −  ,    

3(f ) (f ) { , }l p l p l pR d pp I p g = = −  

(11) 

(see (3), (5), (9)). These expressions contain useful in the future symmetric positively 

defined bilinear forms (integral brackets), which are determined for arbitrary functions by 

the formula 

{ , }p p p pa b a b=  K , (12) 

(properties of this form are discussed in [11]).  

As independent hydrodynamic variables, instead of the densities of additive 

integrals of motion ( , )x t , ( , )l x t , ( , )x t  the mass velocity ( , )lu x t , mass density 

( , )x t  and temperature ( , )T x t  of the electron subsystem can be chosen (they are defined 

by (1)). In the introduction, a certain limitation of such a definition of the temperature of 

the electron subsystem is discussed. 

The construction of closed time equations for hydrodynamic variables ( )x : ( )x , 

( )l x , ( )x  is based in our work on the Bogolyubov functional hypothesis 

fp
f ( , ) f ( , ( ))p pt

x t x t


⎯⎯⎯→ 
?

 (13) 

where fp  is the free path time of electrons. The functional hypothesis is the basis of his 

method of the reduced description of nonequilibrium processes (see a review in [12]). It 

shows that at large times the electron distribution function has a structure f ( , ( ))p x t  

where f ( , )p x   is a functional of functions ( )x . Wherein, it depends on time only 
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through the hydrodynamic variables ( , )x t . This leads to closed time equations of the 

form 

( , )
( ,f ( ( )))p

x t
L x t

t





= 


 (14) 

where the functional ( ,f )L x  is given by formulas (10) and (11). The kinetic equation (3) 

taking into account the functional hypothesis (13) and formula (14) gives the equation for 

the functional f ( , )p x   

3
f ( , ) f ( , ) f ( , )

( ,f ( )) ( ,f ( ))
( )

p p pn
p l p p

n l

x x xp
d x L x F I x

x m x p
 

 

     
   = − − + 

  
  (15) 

which can be called the kinetic equation in the reduced description. Definition (9) of 

parameters ( )x  that describe the state of the system gives additional conditions to 

equation (15) 
3 f ( , ) ( )p pd p x x   =      p : p , lp , m . (16) 

Note that the additional conditions (16) together with equation (15) give expressions for 

the functionals ( ,f )L x . Therefore, when solving equation (15), we can combine some 

expressions for ( ,f )L x  with additional conditions (16). 

4. Hydrodynamic perturbation theory: ideal liquid approximation 

When solving equation (15) with additional conditions (16), the right-hand side of the 

hydrodynamic equations ( ,f )pL x   and flux densities ( ,f ( ))n pq x   , ( ,f ( ))nl pt x    are sought 

in perturbation theory. The small parameter of the theory is introduced by estimating the 

gradients of the parameters ( )x  and the electric field lE  as 

1

( )
~

...
s

s

s

l l

x
g

x x

 

 
,    ~lE g       ( 1g  ) (17) 

and the above-mentioned quantities are calculated in the form of a series in its powers   

(0) (1) 2f ( , ) f f ( )p p px O g = + + ,           (0) (1) (2) 3( ,f( )) ( )L x L L L O g    = + + + , 

(0) (1) 2( ,f ( )) ( )n n nq x q q O g = + + ,            (0) (1) 2( ,f ( )) ( )nl nl nlt x t t O g = + +  
(18) 

(further more descriptive notation will be used 
( ) ( )( / )s sL t    ). Here the small 

parameter is estimated by the formula fp /g l L= , where fpl  is free path length and L  is 

the characteristic length of spatial inhomogeneities of parameters ( )x  in the system 

(see, for example, [12]). 

In the main approximation in the parameter g , the function 
(0)f p  satisfies the equation  

(0) (0)

(0) (0) (0)
0

f f
(f ) (f ) (f )

p p

l p p p p

l

R R I  

 
+ =

 
 (19) 

and additional conditions 

3 (0)f p pd p  =  ,      
3 (0)f p l ld p p = ,       

3 (0)f pd p m =  . (20) 



S.A. Sokolovsky, A.I. Sokolovsky, O.A. Hrinishyn 

14 

In the terms of contribution (0)
pg  to the function pg  equations (19) and (20) with 

definition (8) take the form 

(0) (0)

(0) (0) (0){ , } { , }
p p

l p p p p

l

g g
p g g g

 
+  =

 
K ; 

(0)
0p pg  =  − ,         (0)

l p lp g  =         ( 0 3 / 2nT  ) 

(21) 

The solutions of these equations, the first of which is nonlinear, can be sought in the 

form of the expansion (8) of the function (0)
pg  in the operator K  eigenfunctions ipg . 

Further for simplifying the consideration with rotational invariance arguments its 

eigenfunctions are chosen, following [9], in the form of irreducible polynomials 

( ) pC p A ,     ( )l p lC p B p ,     
21

( ) ( )
3

lm p l m lmC p C p p p  − ,  …  
1... ( )

sl lC p …. (22) 

wherein the general polynomial is symmetric with zero convolution on any pair of its 

indices. The scalar and vector eigenfunctions are of the most importance for our study. 

They satisfy the equations  

p T pA A=K  ,     p l u p lB p B p=K            ( 0pA  = ) (23) 

with additional conditions  

3 / 2p pA n  = ,    3 / 2p pB n  = , (24) 

which fix an arbitrary multiplier in expressions (23) for functions pA , pB . At the same 

time, formulas (23) determine the corresponding eigenvalues T і u . Note that the 

quantities pA , pB  and T , u  do not depend on the electron density n . 

Thus, we find the solution of equations (21) in the form of an expansion 

(0) (0) (0) (0)

,
l

l

p T p p l i ipu

i T u

g c A c B p c g


= + +  . (25) 

Note further that the formulas which are a consequence of considerations of rotational 

invariance and the definition of an irreducible tensor 

0p ipg  = ,      0l ipp g  =     ( , li T u ) (26) 

are valid. According to the last two formulas in (21) relations (26) show that 

(0)
0( )2 / 3Tc n=  −  ,       (0) /

l luc mn=  . (27) 

With account for (26), (27) the brackets included in (21) take the form 

(0) (0) (0)
0 0{ , } 3 / 2 ( )p p T T TR g c n −  = −  = −  −  

(0) (0) (0){ , }
ll l p u u luR p g c mn − = −  = −  , 

(28) 

that is, the first equation (21) is linear one (these brackets in accordance with (11) give 

the sources in the equations of hydrodynamics). Now equation (21) for 
(0)
pg  is reduced to 

such a system of equations for coefficients (0)
ic  

(0) (0)
(0)

0( )i i
T u l i i

l

c c
c

 
 − +   = 

 
. (29) 
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For , li T u=  this relation, taking into account (27), holds identically and for , li T u  

gives the equation for the functions (0)
ic . Equation (29) has a zero solution, which gives 

such an exact solution of equation (21) for the distribution function of the main 

approximation  (0)f p  in the small parameter of the theory 

(0) (0)f (1 )p p pw g= + ,     (0)

0

2 1
( )

3
p p p n ng A B p

n mn
= − +   (30) 

that was first obtained in our work [8] (see also [9]). 

Now you can calculate the energy and momentum fluxes in the main approximation 

by formulas (11) and (30) 

(0) 3 (0)(1 ) /l p p p lq d pw g p m= +  ,          (0) 3 (0)(1 ) /nl p p n lt d pw g p p m= +  (31) 

that gives  

(0) 22

3
l p p lq B=  


,       (0) 2

3
nl nlt =  . (32) 

The equations of hydrodynamics of the zero and first approximations according to (10), 

(11), and (28) take the form 

(0)

0( )T
t

 
= − − 

 
,           

(0)

l
u l

t

 
= −  

 
; 

(1)

2 (1)2 1
{ , }

3

l
p p l l p p

l

B F g
t x m

  
= −   +  −  

   
,           

(1)

(1)2 1
{ , }

3

l
l l p

l

F p g
t x m

  
= − +  − 

  
,        l

lt x


= −

 
 

(33) 

(the last time equation for the mass density is exact). The first two equations describe 

relaxation processes in semiconductors in a spatially homogeneous case and in the 

absence of an external electric field with characteristic relaxation times 1
T T

−   , 

1
u u

−   . In contrast to standard hydrodynamics, (33) includes the contribution 
(1)
pg  to 

the function pg , which usually describes only dissipative processes in the system (they 

enter in the second-order hydrodynamic equations in the small parameter of the theory). 

5. Conclusions 

Basing on the Bogolyubov's kinetic equation, semiconductors are studied as systems 

of a dilute nonequilibrium subsystem of electrons and an equilibrium system of phonons 

in a homogeneous constant electric field. The state of the electron subsystem is 

considered as a hydrodynamic one and is described by the densities of its energy, 

momentum and mass or their functions. Hydrodynamic phenomena are studied in the 

presence of relaxation processes of equalization of macroscopic velocities and 

temperatures of subsystems. It is noted that the system is not in a state of the local 

equilibrium and, in particular, the local temperature of the electrons has a somewhat 

limited meaning. The paper uses the results of our studies of completely ionized plasma 

in the generalized Lorentz model [9]. The exact spatially homogeneous solution of the 

kinetic equation is found by the method of spectral theory of the collision integral 

operator K  and replaces the inadequate Maxwell distribution with the temperature and 



S.A. Sokolovsky, A.I. Sokolovsky, O.A. Hrinishyn 

16 

velocity of the electron subsystem. The solution is formulated in the terms of its scalar 

and vector eigenfunctions, which can be found only approximately. The nonequilibrium 

state of the system is investigated on the basis of the Bogolyubov functional hypothesis 

by a method that generalizes the Chapman–Enskog method. It is assumed that the 

gradients of hydrodynamic variables and the electric field are small quantities of the same 

order. In the presence of relaxation in the system caused by the electron-phonon 

interaction, the equations of hydrodynamics have the form of the laws of change of its 

energy and momentum densities (conservation laws with sources). It is important to note 

that the sources in the equations of hydrodynamics in the ideal liquid approximation are 

given by the same contribution to the nonequilibrium electron distribution function, 

which one needs for investigating the standard dissipative processes. 
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