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The hydrodynamic states of polar semiconductors are investigated. Such states are described by the
temperature, mass velocity, and density of the number of particles of the electron subsystem, which is
considered as rarefied one. The phonon subsystem of a semiconductor is considered to be equilibrium. The
electron-phonon interaction in the system is described by the Fréhlich Hamiltonian. The theory is based on
Bogolyubov’s linear kinetic equation for the electron distribution function in the presence of a weak electric
field. The reduced description of the system is investigated by the generalized Chapman-Enskog method,
which leads to a nonlinear equation for the electron distribution function in the reduced description. The
zone structure of the system is neglected, focusing on the study of fundamental issues of relaxation of
temperature and velocity. Gradients of hydrodynamic parameters are considered small; the same small
parameters determine the smallness of the electric field. In the basic order of the perturbation theory, the
distribution function of the system satisfies a nonlinear equation. The method of spectral theory of the
collision integral operator shows that the study of the basic approximation is reduced to an analysis of a
first-order quasilinear equation, which, in particular, has a solution that we found earlier.
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1. Introduction

This work is devoted to the study of the influence of relaxation processes on
hydrodynamic processes, which is an actual modern problem [1]. The problem is discussed in
the framework of the theory of hydrodynamic states of the electron subsystem of polar
semiconductors. It is assumed that the electron subsystem forms a rarefied gas, and the
phonon subsystem is at rest and in equilibrium with temperatureT,. The paper investigates

the fundamental issues of semiconductor kinetics and therefore neglects the crystal (band)
structure of the system. In equilibrium, the state of such a system is spatially homogeneous

and the electron energy is considered equal to ¢, = p?/2m. Under such assumptions,

Bogolyubov derived a linear Kinetic equation for the electron-phonon system [2], which is the
basis of this work. The same simplification is used in the monograph [3], which examines the
theory of polarons.

We consider the hydrodynamic states of the electronic subsystem of a semiconductor,
which are described by the energy density e(x,t), the momentum density =, (x,t), and the

number of electrons n(x,t) (or the density of their mass o(x,t) =mn(x,t)). The velocity of
the electron subsystem u, (x,t) and its temperature T(x,t) are defined by formulas

7, (X, t) = o(X, t)u, (x,t) , g(x,1) :gn(x,t)T(x,t)+%mn(x,t)u2(x,t). @

The first formula is not objectionable and is the velocity of the center of mass of the
liquid element, as seen from the formula n,(x,t)d3x = cs(x,t)d3xuI (x,t). The second formula
is a consequence of the assumption of the local equilibrium, according to which the electron
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distribution function in main approximation fgo) (in the spatially homogeneous state)
coincides with the Maxwell distributionw,__ (T), where

p-mu

_ n —&,/T
YoM = oz 0

This assumption cannot be true because the function w,___ (T) is not a solution of the

Kinetic equation we use, even in the absence of an external electric field. The equilibrium
solution at this condition is the Maxwell distribution without velocity and with phonon
temperature  w,(Ty) =w,. Therefore, the assumption of local equilibrium can be

p-mu

approximately valid only when w, ., (T) = w,(T,), i.e. at small values of T —T; and u,

(see this in [4]). This means that the definition of the temperature of the electron
subsystem of the semiconductor (2) is somewhat conditional. At the same time,
temperature is a measure of the energy density of electrons in the accompanying
reference. The simple formula (1) further also takes into account that the electron
subsystem is an ideal gas. In this work, we study the hydrodynamic processes in

semiconductors taking into account the relaxation T —T,, u; = 0, which, as will be

shown below, is observed, despite a certain conditionality of the temperature definition
(1). These processes are somewhat complicated in the presence of an external
homogeneous constant electric field E,, which will be considered small.

Note that in the framework of the concept of the local equilibrium, the relaxation of
plasma temperatures was first studied by Landau [5]. A similar study of the relaxation of
the velocities of the plasma components was performed in [6].

A number of our works were aimed developing approaches to the investigation of
the hydrodynamic processes in the presence of relaxation without the assumption of the
local equilibrium in the system. In [4] we summarized our idea of studying relaxation
processes near their completion with going beyond the linearization of the basic equations
of the theory. The next step was to develop and apply the spectral theory of the collision
integral operator. In this way, the main approximation for the electron distribution
function of the plasma case was found in the generalized Lorentz model [7-9]. It turned
out that these ideas can also be applied to the study of polar semiconductors in the
presence of a weak electric field, which is why our work is devoted.

The paper is constructed as it follows. Section 2 discusses the Bogolyubov kinetic
equation and the spectral properties of the collision integral operator. Section 3 considers
the basic equations of the Bogolyubov method of the reduced description for construction
of the electron subsystem hydrodynamics that is a generalization of the Chapman—Enskog
method. Section 4 discusses the theory of perturbations for the construction of
hydrodynamics and derives the equations of hydrodynamics of an ideal liquid.

2. Kinetic equation of the theory

The work is based on a simplified model of a polar semiconductor as a system
consisting of a nonequilibrium dilute subsystem of electrons and an equilibrium
subsystem of non-interacting phonons with temperature T,. The crystal (band) structure
of the system is neglected, as it is a question of fundamental issues of taking into account
in the theory of the transfer phenomena of relaxation processes of temperature and
macroscopic velocities of subsystems equalization. The electron-phonon interaction is
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taken into account in the Fréhlich model. The kinetic equation for the distribution
function of the model f(x,t)

p O, (x)  _ af (x1)
of (xt)=—21 ~F, | (F..(x1),
o(X1) m ox o +1,(fy (x,1)) -

(F,=—eE,,  [d®pf,(x)=n(x1))

with the collision integral given by the formula

1

I, (f,)=
p(fp) @27)2h

[ d¥gEMF o — QO30 +he —2p) +

(4)

1
+W‘[d3kg£{(l+ N pikn —Mfplo(ep +hon —&p.kn)
1

was derived from the first principles by the Bogolyubov method of eliminating boson
variables [2] (see also our work [10]). Here, n, =(e"*™-1)" is the Bose-Einstein
distribution, @:h is phonon energy with a wave vector k, ¢, = p?/2m s electron

energy with momentum p,, —e is electron charge, E, denotes external constant
homogeneous electric field, n(x,t) is electron density. In the Frohlich model suitable for
describing polar crystals of semiconductors, the functions ®, and g, are chosen as

1/2
ho( o
W, =, gk ZZT(k—j ( kO E(m@/h)llz )
0

where o is the Frohlich's dimensionless small constant, k, is a characteristic value of the

wave number, o is the characteristic frequency of the optical phonons (see, for example,
[10]). The rareness of the electron subsystem leads to the linearity of the kinetic equation
(3) and to the fact that the Maxwell distribution w, =w,(T,) is its equilibrium solution

I,(w,)=0 in the absence of the electric field.

The kinetic equation (3) is linear and therefore its solutions are convenient to discuss
in the terms of the collision integral operator K

I (wya,)=-wKa,. )

This operator is symmetric and positively defined one if the scalar product is introduced
by the formula

(a,.b,) =(a,b,) (a,)=[d’pw,a, (6)
(see, for example, [11]; hereinafter a,, b, are arbitrary functions). In the future, its
eigenfunctions g;, and eigenvalues 4; will come in handy
I<gip :ﬂigip 1 ﬂi ZO (7)

The eigenfunctions of the operator K form a complete orthonormal system and the
solution of the kinetic equation can be sought in the form of the series

fp =Wp(1+gp)' gp :Zcigip ' (gipigi’p):bié‘ii’! <gip>:0 (8)
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(b, are some positive normalization constants, the last formula follows from the
normalization condition for f ).

3. Construction of hydrodynamics of electron subsystem

The equations of hydrodynamics are closed time equations for the densities of
additive integrals of motion or their functions. In our case they are the densities of mass
o(x,t) , momentum =, (x,t) and energy &(Xx,t)

o(x,1) =[d3pmfp(x,t) o m(xt) =jd3pp,fp(x,t) e(xt) :Idspapfp(x,t) 9)

which describe nonequilibrium states of the system (o =mn). The corresponding time
equations have the form of laws of change of these quantities

do(xt) _ om,(xt) om (x,t) _ tu (fy (1)

+R (fp,(x,t)) +n(x,t)F ,

ot X, o %,
(10)
e(x.t) _ 0o (Fp(x1) | Ry(F, (X,1)) + 1 (xDF.
ot OX m

n

Here tn,(fp,), qn(fp,) are momentum and energy flux densities, R(f,), Ro(fp,) are

sources that describe the relaxation processes associated with the interaction of
subsystems. These quantities are given by the formulas

t(fy) :J'd3pp, %fp’ qn(frf):jdspgp %fp
(11)
Ro(fp’) :J.dapgpl p(f) :_{Sp’gp}l R| (fpr) :J'd?’ppllp(f) :_{p|'gp}
(see (3), (5), (9)). These expressions contain useful in the future symmetric positively

defined bilinear forms (integral brackets), which are determined for arbitrary functions by
the formula

12,,b,}=(a,Kby), (12)

(properties of this form are discussed in [11]).

As independent hydrodynamic variables, instead of the densities of additive
integrals of motion o(x,t), m(x,t), &(x,t) the mass velocity u,(x,t), mass density
o(x,t) and temperature T (x,t) of the electron subsystem can be chosen (they are defined

by (2)). In the introduction, a certain limitation of such a definition of the temperature of
the electron subsystem is discussed.

The construction of closed time equations for hydrodynamic variables &,(x) : &(x),
7, (X), o(x) is based in our work on the Bogolyubov functional hypothesis

fo (X )57 (X E(1) (13)

where 1, is the free path time of electrons. The functional hypothesis is the basis of his

method of the reduced description of nonequilibrium processes (see a review in [12]). It
shows that at large times the electron distribution function has a structure f,(x,&(t))

where f (x,€) is a functional of functions&, (x). Wherein, it depends on time only

12



Hydrodynamic states of electron plasma of semiconductors in the generalized Chapman-Enskog method

through the hydrodynamic variables &, (x,t). This leads to closed time equations of the
form

=L, (xf(ED)) (14)

where the functional L,(x,f) is given by formulas (10) and (11). The kinetic equation (3)

taking into account the functional hypothesis (13) and formula (14) gives the equation for
the functional f,(x,&)
ZJ.dS !8f ( &.z) af (X &) 6f (XIEJ)

p
%, () o LX) =—— ox o +1,(6f,(8)) (15)

which can be called the kinetic equation in the reduced description. Definition (9) of
parameters ¢ (x) that describe the state of the system gives additional conditions to

equation (15)

08, (x.1)
ot

[d%pf (088, =800 Epie,, By, m. (16)
Note that the additional conditions (16) together with equation (15) give expressions for
the functionals L, (x,f). Therefore, when solving equation (15), we can combine some

expressions for L, (x,f) with additional conditions (16).

4. Hydrodynamic perturbation theory: ideal liquid approximation
When solving equation (15) with additional conditions (16), the right-hand side of the
hydrodynamic equations L, (x,f,) and flux densities g, (x,f,(€)), t, (x,f,(&)) are sought

in perturbation theory. The small parameter of the theory is introduced by estimating the
gradients of the parameters &, (x) and the electric field E, as

0. ()
~0°, E -~ 1
0%, ..OX, J =9 (g=<) (17
and the above-mentioned quantities are calculated in the form of a series in its powers
f,(x,8) =" +f +0(g?), L, (xf(8) =LY + LY + L2 +O(g%), 8)
g,(x.f(&) =a” +qP +0(g*), ty (xFE) =13+t +0(g%)

(further more descriptive notation will be used L) =8¢, /0t)®). Here the small
parameter is estimated by the formulag =1, /L, where I, is free path length and L is
the characteristic length of spatial inhomogeneities of parameters & (x) in the system

(see, for example, [12]).
In the main approximation in the parameter g , the function f* satisfies the equation

o O

= L R(ED)+— P Ro(f(o)) NG (19)
I

and additional conditions
[d°pfPe,=c,  [d*pfPp=m, [d*pfPm=oc. (20)
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In the terms of contribution g{” to the function g, equations (19) and (20) with
definition (8) take the form

a9 E,O) (0) a9 E)O) (0
90380 g0y KgO:
om, {h.95} oe {ey. 6y 3=Kay (21)
(spgf)o))=8—80, (plgéo)>=rc| (g=3nT/2)

The solutions of these equations, the first of which is nonlinear, can be sought in the
form of the expansion (8) of the function gg’) in the operatorK eigenfunctions g;, .

Further for simplifying the consideration with rotational invariance arguments its
eigenfunctions are chosen, following [9], in the form of irreducible polynomials

C(p)=A,. Ci(p)=B,p, C.m(p>ch(p.pm—§p25.m),--. Ci (P (22)

wherein the general polynomial is symmetric with zero convolution on any pair of its
indices. The scalar and vector eigenfunctions are of the most importance for our study.
They satisfy the equations

KA, =4 A, KB,p =4,B,p (<Ap>=o) (23)
with additional conditions
(Ae,)=3n12, (B,e,)=3n/2, (24)

which fix an arbitrary multiplier in expressions (23) for functions A;, B,. At the same
time, formulas (23) determine the corresponding eigenvalues A;i X,. Note that the
quantities A,, B, and A, A, do not depend on the electron density n.
Thus, we find the solution of equations (21) in the form of an expansion
95 = A+ By P + 2 670, (25)
[EQ T

Note further that the formulas which are a consequence of considerations of rotational
invariance and the definition of an irreducible tensor

<8pgip>:01 <p|gip>:0 (iiT,U|) (26)
are valid. According to the last two formulas in (21) relations (26) show that
¢ =(g—gy)2/3n, CS?) =m /mn. (27)

With account for (26), (27) the brackets included in (21) take the form

R =e,,9V3=-c"2:3n/2=-21 (e —¢,)

R =~{p, gy =—cn,mn =7, =
that is, the first equation (21) is linear one (these brackets in accordance with (11) give
the sources in the equations of hydrodynamics). Now equation (21) for gfjo) is reduced to
such a system of equations for coefficients ¢(©

oc© )

M (6—g) + 0w, =00 (29)
Oe om,
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For i=T,u, this relation, taking into account (27), holds identically and for i=T,u,

gives the equation for the functions ci(o’ . Equation (29) has a zero solution, which gives
such an exact solution of equation (21) for the distribution function of the main
approximation fF(,O’ in the small parameter of the theory
2 1
f;()O) =Wp(l+g§)0)) ) géo) :%Ap(8—80)+%8p p.7, (30)
that was first obtained in our work [8] (see also [9]).

Now you can calculate the energy and momentum fluxes in the main approximation
by formulas (11) and (30)

o = [d*pw, @+ g, /m,  t = [dpw, L+ g)p,p /m (31)
that gives
2 2
Q0 =5 (B, ) =Zedy. (32)

The equations of hydrodynamics of the zero and first approximations according to (10),
(11), and (28) take the form

(0) (0)
(@j (o), (ai] .

ot ot
o\ 2 gy 0m 1 o o 23
a __§<8p p>a_x|E+En' 1 —{ep. 95} (33)
®

om, 20e 1 ) 0c _ Om

—_ 1 =———— 4+ -"0oF - , , - =1

(atj 0% mCoH PO ot o

(the last time equation for the mass density is exact). The first two equations describe
relaxation processes in semiconductors in a spatially homogeneous case and in the

absence of an external electric field with characteristic relaxation times 7 =21,
1, =A;". In contrast to standard hydrodynamics, (33) includes the contribution g& to
the function g, which usually describes only dissipative processes in the system (they
enter in the second-order hydrodynamic equations in the small parameter of the theory).

5. Conclusions

Basing on the Bogolyubov's kinetic equation, semiconductors are studied as systems
of a dilute nonequilibrium subsystem of electrons and an equilibrium system of phonons
in a homogeneous constant electric field. The state of the electron subsystem is
considered as a hydrodynamic one and is described by the densities of its energy,
momentum and mass or their functions. Hydrodynamic phenomena are studied in the
presence of relaxation processes of equalization of macroscopic velocities and
temperatures of subsystems. It is noted that the system is not in a state of the local
equilibrium and, in particular, the local temperature of the electrons has a somewhat
limited meaning. The paper uses the results of our studies of completely ionized plasma
in the generalized Lorentz model [9]. The exact spatially homogeneous solution of the
kinetic equation is found by the method of spectral theory of the collision integral
operator K and replaces the inadequate Maxwell distribution with the temperature and
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velocity of the electron subsystem. The solution is formulated in the terms of its scalar
and vector eigenfunctions, which can be found only approximately. The nonequilibrium
state of the system is investigated on the basis of the Bogolyubov functional hypothesis
by a method that generalizes the Chapman-Enskog method. It is assumed that the
gradients of hydrodynamic variables and the electric field are small quantities of the same
order. In the presence of relaxation in the system caused by the electron-phonon
interaction, the equations of hydrodynamics have the form of the laws of change of its
energy and momentum densities (conservation laws with sources). It is important to note
that the sources in the equations of hydrodynamics in the ideal liquid approximation are
given by the same contribution to the nonequilibrium electron distribution function,
which one needs for investigating the standard dissipative processes.
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