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The hydrodynamics of the electron subsystems of semiconductors is studied in the approximations of
the ideal and real liquid, taking into account processes of relaxation of temperatures and macroscopic
velocities of electrons and phonons without assuming the local equilibrium of the system. A set of integral
equations for the electron distribution function of the first order in gradients is obtained, which determines
the sources in the hydrodynamic equations of the ideal liquid approximation and the dissipative flows of
energy and momentum of electrons. The steady states of the system in the ideal liquid approximation are
investigated. The exact formulas for the electron mobility of the semiconductor and its conductivity are
derived and kinetic coefficients that determine current in a spatially inhomogeneous state are calculated. In
the presence of an electric field, the phenomenon of difference of temperatures of the electron and phonon
subsystems is predicted. The obtained expressions are specified for the case of temperatures much higher
the Debye temperature.
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1. Introduction

This work continues the investigation of hydrodynamic states in the presence of
relaxation processes of temperatures and velocities equalization in the system. This problem
deserves attention, which is noted, for example, in the review [1]. In [2], we developed the
general theory of hydrodynamic states of a polar semiconductor in the Bloch model, in which
it is assumed that nonequilibrium electron subsystem interacts with the equilibrium phonon

subsystem (its temperature T, ). The study is based on Bogolyubov’s linear kinetic equation

[3] for the electron distribution function, which takes into account the interaction of electrons
with optical phonons in the Fréhlich model in the presence of a small homogeneous external
electric field and considers the electron system as a rarefied one.

The theory of hydrodynamic states is always based on the Kkinetics of spatially
homogeneous states of the system. The Kinetics of relaxation processes in such states is
complicated by the fact that in their theory there is no small parameter [4] and the

corresponding distribution function of the system fgo) (it is the main approximation when

describing hydrodynamic states) is unknown. Usually in theory it is assumed [4] that a local
equilibrium is quickly established in the electron subsystem. This means that the distribution

function f{” is given by the formula (¥ =w__,(T), where T and u, are the temperature

p—mu
and macroscopic velocity of the electron subsystem. However, only the Maxwell distribution
without velocity and with phonon temperature w,(To) =w, is a solution of the kinetic

equation. In fact, under this assumption, one investigates states in the vicinity of the local
equilibrium that do not arise in natural evolution.

In our previous paper [5] in the study of the electron-ion plasma in the generalized
Lorentz model an exact expression was found for the distribution function in terms of the
eigenfunctions of the collision integral operator. In paper [2] this consideration was extended
to the case of the electron-phonon plasma of semiconductors, which posed the problem of
constructing the hydrodynamics of this system that is considered here.
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The paper is constructed as it follows. Section 2 describes our approach to
constructing the theory of hydrodynamic states of semiconductors and presents the results
of deriving the equations of hydrodynamics of the ideal liquid approximation taking into
account relaxation processes. Section 3 discusses hydrodynamics in the real liquid
approximation. Section 4 considers the steady states of the system in the ideal liquid
approximation and discusses some of the observed phenomena.

2. Hydrodynamic states in an ideal liquid approximation

This investigation is based on the reduced description of the hydrodynamic states of
semiconductors by densities of energye(x,t), momentum =, (x,t) and electron mass

o(x,t)=mn(x,t) (in short notation by parameters &, (x,t)) [2]. These quantities satisfy

time equations, which differ from the corresponding conservation laws in differential
form by the presence of sources associated with the interaction of electrons with phonons
and an external homogeneous electric field. The study is based on the idea of
Bogolyubov’s functional hypothesis, which introduces the electron distribution function
f,(x,E(t)) as a functional of parameters &, (x,t) after the passage of free path time. The

integro-differential equation for the functional f (x,&) (kinetic equation at the reduced

description) is derived in the usual way and is supplemented by the definition of the
parameters &, (x) (by additional conditions). At the same time, the structure of the time

equation for the parameters &, (x,t) is recognized in terms of f(x,&)

08, (x) ( t)
=L, (x,f (&) . 1)
The Kinetic equation at the reduced description for the functional f (x,&) is solved (as

usual in the development of hydrodynamics) in the theory of perturbations in small
gradients of parameters &, (x) (small parameter g ). The electric field is considered to be

of the first order of smallness in g . Contributions of the s -th order in gradients to the
quantities f (x,&) and L, (x,f,(€)) are denoted as f{” and L) = (o€, /ot)® .

As noted, the contribution of the main approximation fgo) to the distribution
function is determined by the eigenvectors of the collision integral operator [2]

) =w,(L+95"), 9?)— A (e 80)+ ~BpPaTty (2)

The required scalar A, and vector p,B, eigenfunctions and the corresponding

eigenvalues are determined by formulas

KAp:j’TAp’ KBppI:/lqupl (<Ap>:O)

3)
(Ae,)=3n12, (B,e,)=3n/2

((a, is the average value of a quantity a, with the Maxwell distributionw,, ; the last line
in (3) normalizes the eigenfunctions). The distribution function féo) determines the energy

q” and momentum fluxes t” in the main in gradients approximation
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2 2
q :g@in)W , = 355n| 4)
and equations of hydrodynamics of the main and first in gradients approximation [2]
) ©)
oe on
(Ej (o), (E] A
e\ _ 2,5 ,0m 1 o o .
e 3< o) g Enl 1 —{ep 95} ®)
®
[%j = 2 O¢ = 4= 1 G|:| {p“ (l)} 8_62_%
ot 3 ox, m ot oX

(F,=—€E,; e is modulus of charge of an electron). Here the contribution of the first
order in gradients fél) to the distribution function f,(x,&) is determined by the formula
(1) _ (l) -y -y _ -
f;’ =w,g,’ . In addition, (5) uses the quantities of the type {a,,b,}=(a,Kb,) which
introduces a symmetrical and positively defined bilinear form {a,,b,}. Contributions to

first-order hydrodynamic equations that contain the function g(l) are related to the

electron-phonon interaction and, along with the contributions of the electric field, are
sources in the laws of conservation of energy and momentum of electrons.

3. Real liquid approximation

In our paper [2] the kinetic equation at reduced description was obtained, which is an
equation for the distribution function f,(x,€) . In the first in gradients approximation, it

gives an equation for the first-order contribution fél)

8fé0) on af‘()o)[ans)(l) afF(JO)(ﬁgj(l) afél)[ﬁns)(o) 61:‘()1)(68)(0)
—— — | + —| + +— = +

on ot ong \ ot oe \ ot on, \ ot oe \ ot
(6)
of® O] 61: @) ©) of© of @
4P i(%j 0 (6 ) =_ﬂ_p_|:|_p+|p(fr()}))
00, OX \ ot 68 € OX, \ ot m OX op
where the following identity was taken into account
é (%) o€, (x) ab da(x
[d*xa(x) [ —ap) =R 2E e s )
6&( ) Ny |, X,

(1,(fy) is the collision integral). To equation (6) the conditions that define the
hydrodynamic variables should be added

jd3pf§}>sp=o, jd3pf§,1>p, =0, jdapng:o. )

The solution of equation (6) together with (8) is sought for reasons of rotational
invariance in the form
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on oe on
fO=w | C F+D,—+G,—+Fy, —= |=w,g{.
p p[ 1 Do o e g T e p9p 9)
In this definition the coefficients Dy, Gy,
n, because the Maxwell distribution is proportional to the density and the collision
integral depends linearly on the distribution function [2].
Substitution (9) in (6) with account for (7) gives the relation, which must be an
identity. The gradients of the hydrodynamic parameters and the electric field are
independent, so the coefficients at them in the left and right sides of the obtained relation

must be the same. This gives a set of integral equations for functions Cps Dy Gy, and
F

and F,, ~1/n whereas C,; do not depend on

nlp

1. 4 1 1
ESSI + on A (%<Bp8i)> + E{gp’ mep})85| *

oF, oF,
+Fslp7\’u + P kuns + P 7“T (8_80) _i B ps pl = KI:sl ;
on, og mn " P

2 1 oG,
i B, P (1+ E{pS,GSp}j+G,pXT +§;X”ns +

oG, 5 | .
+8—8’37\,T(8—80)—% pA, =KGy; (10)

2 ob

B,pi[ 1+2{p., D LPYPNC Y ! KD
3mn oP +E{p5’ SP} +TS ulls + T(S_So)_%ﬂ—

Os o

0

1( 20A, 1 0B, 1 2

S E 2 (g—g)+——L +——p +—A —g,) /1 Ty—m ]+

n(3 », (e—&) m P, PsTts mT, Y 3mn [P (e—20) I To—m]
1

1 1
+% Bp P, (g{psvcsp}_ nj"*'% Bp(sls — P Ps / mTO)TCs = KCIp

D,, G

Equations (10) show that the functionsC,,, D, Gy,

and F,, have the following tensor
structure

Cp,=Cp+Cm, Dp,=D,p, G,=Gp,

. (11)
I:Isp = F;;8Is + F;;,hlsp (hlsp = pl ps _é pzsls)

where scalar coefficients C; , CJ, D,, G,, F,;, and F are introduced. Equations for

them can be written on the basis of equations (10). Note that the calculations, which led
to equations (10), do not exclude the presence of contributions associated with the

momentum density =, in the tensor structure of the functionsC,;, Dy,, G, and F,,.

Relations (8) with (9) and (11) substituted in them give the following additional
conditions to equations (10) written in terms of functions C; , CJ', D,, G, , F/, andF/
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(€y=0, (F)=0; (Cle,)=0, (D,g,)=0, (G,e,)=0; w2

(Cpe,n=0, (Fpe,)=0.
The calculation of the functionsC; ,C), D,, G,, F/, and F' will be performed in a
subsequent paper by the method of their truncated expansion in the Sonine polynomials
(see an example of such calculations in [6]).
Using formulas (9) and (11), we obtain expressions for sources in the equations of
hydrodynamics of the ideal liquid approximation (5)

{p.9P3= {ps,C’p}F+ {ps,D ps}gx +3{ps,G p}
(13)

1 0
{gp!gél)}zé{ p? p} TCI

Similarly to (4), it is possible to calculate the dissipative fluxes of energy and momentum

of the system that gives

q.‘l)=§[<c;si>ﬁ+< p> +<G >§:],

(14)

(Il): <F"g%> ons +%_355|5“_m
oX OXx, 3 7 oX

S m

(the second formula takes into account the last two relations from (12)). In these
formulas, the energye, momentum m, and particle n densities are considered as

independent hydrodynamic variables. Formulas (14) describe all dissipative phenomena
in the system in a laboratory reference frame where the isotropy is broken by the electron

momentum density w, (or the macroscopic velocity of the electron system u, ), but all the

kinetic coefficients of the system are scalar. However, with the traditional choice of
hydrodynamic variables, including temperature T , velocity U, and particle density n

T, =mny, £= gnT +%mnu2 (15)

anisotropy is present.

4. Discussion

The obtained results can be concretized by an approximate solution of equations (3)
for eigenfunctions A,, B,p, and the corresponding eigenvalues ., %, of the collision
integral operator K, as well as equations (10) for the functions C; , C;, D,, G, , F/,
and F'. We have previously considered the problem of calculating eigenfunctions and
eigenvalues by the method of truncated expansion of eigenfunctions in the Sonine
orthogonal polynomials Sy (x) (n=0,12,...). Here o is a parameter that defines a
family of polynomials. The use of these polynomials is due to the fact that the weight
function in the condition of their orthonormalization is proportional to the Maxwell
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a-12
p

polynomial these functions and eigenvalues are given by formulas [7]

distribution with an additional power factor €7 . In the approximation of one

3 1 1,
Ap:(gp_ETojF’ BpZT—,
) 0 . 0 (16)
%Zﬁ{gp'gp}’ ﬂu=3mn.|.o{p|’p|}-

According to (5), (13), and (15), the equations of hydrodynamics of the system in the
ideal liquid approximation have the structure

@z—kT(e—go)—enulEl+a%+bulﬂ, a_c:_%_

ot O, O, ot X
0 or 0 ou? 7
ﬂ=—7uun,—enE,+ cE|+d—+h—n+mdL .

ot o o 3 0oX

The terms with scalar coefficients a,b, ¢, d, and h are related to the contributions of
the distribution function ff,l’ (9) to the sources given in (13). This distinguishes the
developed theory from the ordinary hydrodynamics, in which the contribution to the
distribution function of the first order in a small parameter of the theory ff,l’ determines

only dissipative processes. According to the definition (15) of temperature T and
velocity u, of the electron subsystem, equation (17) can be rewritten as

2
ul—EEl+i cE,+dﬂ+h@+mdaL :
m mn ox, ox 3 O0X

ou, 1 onug
L=, -=
ot n oX,

oT T onu 1onu, \m , 2 adu
— = T-T)+—+| 24, -4 +—2 |—U"+—a—=-
o - T T+ X, [ AR X, JS 3n - ox, (18)
2
_ 20| e +d T p gy Mg U
3n O, ox 3 0o

Note that the obtained equations (17) and (18) in the spatially homogeneous state of the
system and in the absence of the electric field are exact since expression (2) for the

distribution function of the main approximation f{” is exact. In the steady state,

equations (18) give the velocity of the electron subsystem and the temperature difference
of the electron and phonon subsystems
u =—LEI — E, d g :
mA., mna,, ox  OX
(19)

st
T -T,= %—1 %u5t2+32a o __2 u cE|+d£+(h—b)a—n .
r nAr 0x,  3ni; X, X,

(because onu, /dx, =dc/at). In expressions (19) for u and T* -T, only the main
contributions in the small parameter of the theory g are left, because in deriving
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equations (17) only contributions up to the first order ing inclusive are taken into

account. In our work [5], the values u' i T*-T, are calculated in a spatially
homogeneous state and it is proved that the coefficient ¢ in (17) is equal to zero. The
confirmation of this result in the approach of the present work requires the solution of the
last integral equation from (10) with respect to the function C; taking into account

formulas (11) and (12) since according to (5) and (13) c=e{p,,C, p,}/3. This problem

as well as the solution of all integral equations (10) will be considered in a subsequent
paper.

Further a number of obtained results are given, assuming that the coefficient c=0.
The first formula from (19) in the spatially homogeneous state gives an expression for the
mobility of electrons in the system

ut =—vE,, Ve (0&,(x)/ 2% =0). (20)

The electric current j, in the steady state of the semiconductor, using the expression for

u

the macroscopic velocity u;* from (19), is given by the formulas

jy=-neu, it =-neu’;  j=o E|_0Cﬂ— <o :
oX  OX 1)
ne? ed eh
c=——o1, oo =——, opf=—-
mi, ma, ma,

where o is the conductivity of the semiconductor, oo and B are some Kinetic

coefficients. Note that our expressions for the mobility and conductivity of electrons are
exact. This can be proved similarly as it was proved in our work for the completely
ionized plasma in the generalized Lorentz model [5].

The second equation (19) allows investigating the temperature distribution of
electrons in the steady states of the system. For this purpose, it is necessary to substitute
velocity u* from (19) into this formula. A somewhat cumbersome result is simplified in

the spatially homogeneous case:

2
1o 7, =8 CAT I 2 (5 (x)10% =0), 22)

3MAA
Note that this expression is exact and can be proved similarly to what is done in our paper
for the completely ionized plasma in the generalized Lorentz model [5]. The result that
T —T, ~ E? was early discussed in paper [8] for the completely ionized plasma on the
basis of the Boltzmann equation but with a number of assumptions that complicate
accuracy control.

Note also, that the calculation of the relaxation coefficients A, and A, based on the
Bogolyubov kinetic equation, is more complex than one for plasma in the Lorentz model.
In our approach to the semiconductor theory, calculations of A; and A, at high
temperatures will be adequate. The corresponding research was carried out in our paper
[7] where these expressions for A, and A, are obtained from formulas (16)

_160a _ 8wa 3 _
&—NZV 1+0()], 4r 3" Inv+0®@] (v=ho/T,<<1). (23)
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Here o is the characteristic frequency of optical phonons, o is a small Fréhlich constant
(see explanation after formula (4) in [2]). Temperature T, is taken much higher than the

Debye temperature T, because T, ~ ho. As a result, formulas (22) and (23) give
3n e°E? 1

T _T. =22 *>= =
0
25 mw?a? vinv

(v=ho/T,<<1). (24)

It is planned to evaluate the possibility of experimental observation of this phenomenon.

5. Conclusions

The development of the theory of hydrodynamic states of the semiconductors with
account for relaxation of the temperatures and velocities of the electron and phonon
subsystems is continued starting from our paper [2]. The first order contribution to the
electron distribution function, which defines dissipative fluxes of energy and momentum
in the system and sources in hydrodynamic equations of the ideal liquid approximation, is
investigated. The set of integro-differential equations for this function is obtained. It is
established that at the reduced description of the system by energy, momentum and mass
densities its kinetic coefficients are scalar ones in contradiction with isotropy violation by
momentum density of electron subsystem. Steady states of semiconductors are
investigated in hydrodynamics of the ideal liquid approximation. Exact expressions for
the mobility of electrons and conductivity of the system are obtained. An influence of
spatial inhomogeneities in semiconductor states on electron current is investigated. The
phenomenon of the difference between electron and phonon temperatures at steady states
in the presence of electric field is predicted.
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